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Introduction 

This is the seventh book containing examples from the Theory of Complex Functions. In this volume 
we shall apply the calculations or residues in computing special types of trigonometric integrals, some 
types of improper integrals, including the computation of Cauchy’s principal value of an integral, and 
the sum of some types of series. We shall of course assume some knowledge of the previous books and 
the corresponding theory. 

Even if I have tried to be careful about this text, it is impossible to avoid errors, in particular in the 
first edition. It is my hope that the reader will show some understanding of my situation. 


Leif Mejlbro 
19th June 2008 
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1 Some practical formulae in the applications of the calcula¬ 
tion of residues 


1.1 Trigonometric integrals 

We have the following theorem: 


Theorem 1.1 Given a function R{x,y) in two real variables in a domain of M 2 . 
extension, given by 


If the formal 


R 


z 2 - 1 z 2 + 1 


2 iz 


2z 


is an analytic function in a domain fl C C, which contains the unit circle \z\ = 1, then 


r 2-rr 


i?,(sin 9 , cos 9) d9 


I / 2 1 -1 z 2 + l\dz 

J \ z |=i V 2*2 ’ 22 ) iz' 


In most applications, l?(sin 9, cos 9) is typically given as a “trigonometric rational function”, on which 
the theorem can be applied, unless the denominator of the integrand is zero somewhere in the interval 

[0,24 
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1.2 Improper integrals in general 

We shall now turn to the improper integrals over the real axis. The general result is the following 
extension of Cauchy’s residue theorem: 

Theorem 1.2 Given an analytic function f : II —> C on an open domain f 1 which, apart from a finite 
number of points z±, ... , z n , all satisfying Im Zj > 0, j = 1, , n, contains the closed upper half 

plane, i.e. 

f l U {zi,..., z n } D {z £ C | Im z > 0}. 

If there exist constants R > 0, c > 0 and a > 1, such that we have the estimate, 

Q 

1/0)1 < — t- , when both \z\ > R and Im z > 0, 

then the improper integral of f(x) along the X-axis is convergent, and the value is given by the following 
residuum formula, 

/ +OO n 

f{x)dx = 2m Y re s (/; = 2?™ ^ res (/; ^) • 

Im Zj >a J=i 


1.3 Improper integrals, where the integrand is a rational function 

We have the following important special case, where f(z) is a rational function with no poles on the 
real axis. When this is the case, the theorem above is reduced to the following: 


Theorem 1.3 Given a rational function f(z) = 


P( z ) 

Q( z ) 


without poles on the real axis. If the degree of 


the denominator polynomial is at least 2 bigger than the degree of the numerator polynomial, then the 
improper integral of /( x) along the real axis exists, and its value is given by a residuum formula, 


r»+oo 


/ (x) dx 


2ni Y res (/;%). 
Im zj>o 


1.4 Improper integrals, where the integrand is a rational function time a 
trigonometric function 

If the integrand is a rational function time a trigonometric function, we even obtain a better result, 
because the exponent of the denominator in the estimate can be chosen smaller: 

Theorem 1.4 Assume that f : —> C is an analytic function on an open domain f l, which, apart 

from a finite number of points z i, ... , z n , where all Im Zj > 0, j = 1, ... , n, contains all of the 
closed upper half plane, i.e. 

f l U {^i,..., z n } D {z £ C | Im z > 0}. 

If there exist constants R > 0, c > 0 and a > 0, such that we have the estimate 

| f(z)\ < if both \z\ > R and Im z > 0, 

Fr 
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then the improper integral of f{x) e lmx along the X-axis exists for every m > 0, and its value is given 
by the following residuum formula, 


/ +OO n 

f(x) e imx dx = 2 wi J2 res (/(*) eimZ 5 z i) = 2lTi H res (/ e imz ; z i) • 
Im z, >o f=i 


In the special case, where f(z) is a rational function, we of course get a simpler result: 


Theorem 1.5 Given f(z) = 


P(z) 

Q{z) 


e lmz , where P(z ) and Q(z) are polynomials. Assume that 


1) the denominator Q(z) does not have zeros on the real axis, 

2) the degree of the denominator is at least 1 bigger than the degree of the numerator, 

3) the constant m is a real positive number. 

Then the corresponding improper integral along the real axis is convergent and its value is given by a 
residuum formula, 


r*+oo 


p {x) 

Q(x) 


: dx = 2ni 


res 


Im zi >o 


P(z) 

Q(z) 


The ungraceful assumption m > 0 above can be repared by the following: 

Theorem 1.6 Assume that f(z) is analytic in C\{zi,..., z n }, where none of the isolated singularities 
Zj lies on the real axis. 

If there exist positive constants R, a, c > 0, such that 
for \z\ > R , 

r 27r * Eim zj>o res (/(*) z i) f° r y> 0 ’ 

1 — 27t« Elm zj<o res (/( z ) eizy ] z j) fory< 0. 

In the final theorem of this section we give some formulae for improper integrals, containing either 
cos mx or sin too; as a factor of the integrand. We may of course derive them from the theorem above, 
but it would be more helpful, if they are stated separately: 


l/MI < up 


then 


+oo 


/( x) e ixy d: 
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Theorem 1.7 Given a function f(z) which is analytic in an open domain Cl which - apart from a 
finite number of points Zi, ... ,z n , where Im Zj > 0 - contains the closed upper half plane Im Zj > 0. 
Assume that f{x) £ R. is real, if x £ R. is real, and that there exist positive constants R, a, c > 0, such 
that we have the estimate, 

1/0)1 < |^p for Im 2 > 0 and \z\ > R. 


Then the improper integrals /(a;) 

given by 


cos (mi) 
sin(ma;) 


dx are convergent for every m > 0 with the values 


r+oo 

f _ 1 

/ f(x) cos (mi) dx = Re { 

2tti J2 res {f( z ) e mz \ Zj) > 

J —OO 

l. Im zj> o J 

and 


r+°° 

I ^ ) 

/ f(x) sin(mx) dx = Im < 

2ni ^ res (/0) e imz ; Zj) \ 

J — OO 

[ Im zj>o J 


respectively. 


1.5 Cauchy’s principal value 

If the integrand has a real singularity xq £ R, it is still possible in some cases with the right interpre¬ 
tation of the integral as a principal value, i.e. 

/ + OO f pXq — 6 p + OO'l 

/OO dx := _lirn + | J + J j f(x) dx, 

to find the value of this integral by some residuum formula. 

Here v.p. (= “valeur principal”) indicates that the integral is defined in the sense given above where 
one removes a symmetric interval around the singular point, and then go to the limit. 

Using the definition above of the principal value of the integral we get 

Theorem 1.8 Let f : Cl —> C be an analytic function on an open domain Cl, where 

Cl D {z £ C | Im z > 0} \ {zi ,..., z„j . 

Assume that the singularities Zj, which also lie on the real axis, all are simple poles. 

If there exist constants R > 0, c > 0 and a > 1, such that we have the estimate 

1/0)1 < tE for Im z > 0 and \z\ > R, 

then Cauchy’s principal value v.p. f_°° f(x) dx exists, and its value is given by the following residuum 
formula, 

/ +oo 

/ (x) dx = 2iri E res (/; z o) + 7Ti E res ■ 

Im Zj >o Im zj —o 
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This formula is easily remembered if one think of the real path of integration as “splitting” the 
residuum into two equal halves, of which one half is attached to the upper half plane, and the other 
half is attached to the lower half plane. 

It is easy to extend the residuum formula for Cauchy’s principal value to the previous cases, in which 
we also include a trigonometric factor in the integrand. 
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1.6 Sum of some series 

Finally, we mention a theorem with some residuum formulae, which can be used to determine the sum 
of special types of series, 

Theorem 1.9 Let f : LI —> C be an analytic function in a domain of the type LI = C \ {z i,..., z n }, 
where every Zj ^ Z. 

If there exist constants R, c > 0 and a > 1, such that 


|/0)| <^| for\z\>R, 


then the series Y2n=-oo /( n ) convergent with the sum 



Furthermore, the alternating series Y2n=-oo(— 1)" f( n ) a ^ so convergent. Its sum is given by 
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2 Trigonometric integrals 

Example 2.1 Compute J~ n e 2cos6 d9. 


Here, the auxiliary function is given R(^,r]) = e 2ri , in which £ does not 


enter. The function 


R 




= exp 



is analytic in C \ {0}, so 





dz 

iz 


2ni (1 

-res - exp 

i \z 




We note that both z = 0 and z = oo are essential singularities, so we are forced to determine the 
Laurent series of the integrand in 0 < \z\. However, there is a shortcut here, because we shall only be 
interested in the coefficient a_i. We see from 


- exp I x + 


1\ 1 1 1 v? 1 mST^ 1 1 

-)=-exp,.exp- = -^-z 


z z z ' ml 

m =0 


n=0 


z/o, 


that a_i is obtained by a Cauchy multiplication as the coefficient, which corresponds to m = n, thus 

/*27T +oo 


cos 6 


/o 


d0 = 2tt ^ 


1 


n=0 


(n!) 2 ’ 


which can be shown to be equal to Jo(2i), where Jq(z) is the zeroth Bessel function. 


Example 2.2 


Compute J~ n 


dO 

2 + cos 6 


This integral can of course be computed in the traditional real way (change to tan —, where one of 
course must be careful with the singularity at 9 = it). We have in fact, 


/■ 27r 69 _ f 27r 

Jo 2 + cos 6 J 0 


dd 


= 2-2 


u 9 u 

3 cos 2 - + sin - 


r 


dt 


p Too 


du 


3 cos 2 1 + sin 2 t 3 


1 + r 2 


4-\/3 7r 27 t 

—3—"2 = 7 !' 


If we instead apply the Complex Function Theory, then we have the following computation 


dO 


2 + cos 6 


dz 


\z\=i 9 , z +1 iz J \ z!=1 z 2 + 4z + l 


-2 i 


■ dz 


2z 

= (— 2i) ■ 2niies 


z 2 + 4z + l 


; —2 + 73 ) = 47t lim 


2-7T 


- 2 +V 3 z + 2 + V3 73’ 


where we have applied that z 2 + 4z + 1 has the roots — 2 ± \/3, of which only — 2 + 73 lies inside 

W=l. 
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Example 2.3 Prove that 

, , f 2 ’ cos 26 Ja * 

<“> /„ 5-3c„s«'®=18- 


(6) r . C “ M . ,» = ' 


5 — 3 cos 9 


54 


(a) We shall use the substitution 2 = e 10 , where in particular, 
c„s2d=i{c“+ »-“} = ! {c 2 + i}. 


Then 


/■ 2,r cos 2 9 

I o 5 — 3 cos 9 


d9 = 



We obtain by Rule I, 

Z 4 + l 


res 


3 4 


+ 1 


82 


( z ~ I) ( z ^ 3 ) ’ 3 


1 fl 


3 2 \ 3 


- 3 


and 


res 


Z 4 + l 


z 2 (z 2 -fz + 1) 


0 = 


1 lim d 


41 


3-(-8) 12’ 


Z 4 + l 


1! 2^0 dz \ z 2 — 2 + 1 


= lim 


42 3 (z 4 + 1) (22 - f) 

(z 2 -fz+l) 2 


10 


0 | Z 2 - ^ 2 + 1 


Finally, by insertion, 


C 2 7T 


cos 29 2ni j 41 10 ^ 2n f —41 + 40 it 

Jo 5 - 3cos 9 d ° = [U + Tj ~T \ 12 j 18' 

(b) For the substitution z = e lS , where we see that in particular, 

c„s30=i{c» + e -“} = i{^ + -4}, 
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we get 



cos 30 
5 — 3 cos i 


dd = 


res 


2 \ z 3 J dz 

iW=i 5 " I i z + -} iz 

z 6 +1 1 

— ^ 2 + 1 z 3 


0 


res 


1 


; , io _ I -i 

l*l=i z ~ T z + L 

6 +1 i Y 


dz 


T (*-«(*-3) ’ 3, 


Here, 


res 


/ 

V 


( z ~ l) ( z ~ 




730 _ 365 
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and 


res 


/ , 1 \ 
z 3 + 

( 

3 

0 

o 

= res 

z 2 -fz + l 


V 3 ) 

V 


1 lim d2 


z 2 - f z + 1 ’ 


= 1 lim d 


2z-f 


2! dz 2 [z 2 -yz + 1 J 2 2 dz | ( z 2 _ K* z _|_ i) 2 J 

100 91 


— lim i_ 2 _,+ 

2-°\ (z 2 ^fz + l) 2 (z 2 -fz +1) 


^ -“ 1+ 9 “ 9’ 


hence by insertion, 

r 2 ” cos 30 2 tt ( 365 91} _ 2tt 364 - 364 _ tt _ n 

J 0 5 - 3 cos (9 d ° ~ “T \~36~ + T J ~3 36 ~ 3-18 “ 54' 


Example 2.4 Prove that 


d9 


2tt 


Jo 1 + a 2 — 2a cos 9 1 — a 2 ’ 

Find afeo t/ie value, when a > 1. 


for 0 < a < 1. 


We get by the substitution z = e lB that 


... dz If 1 

dO = — and cos 0 = - { z + 

iz 


thus 


dd 


1 + a 2 — 2a cos 9 


dz 1 


l*l=i 1 + a 2_ l z+ ** * 4l=i az2 - (1 + ° 2 ) * + a 


dz 


dz 


|z|=1 z 2 - (a+- )z + l 
a, 


The integrand has the poles z = a and z = -. Of these, only z = a lies inside the circle \z\ = 1, hence 


p2ir 

Jo 1 


/ 


d9 


o 1 + a 2 — 2a cos 9 


27 ri ■ res 


\ 


; a 


2t r 1 

-lim - =- 

a 2 ► l 1 

z- 

a 


a H— J z + 1 

2tt 1 
a 


2ir 2n 


1 a 2 — 1 1 — a 2 

a- 

a 
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If a > 1, then 0 < - <1, and it follows from the above that 
a 


C 2 7T 


dG 1 

1 + a 2 — 2a cos 9 a 2 


*>2-7T 


de 


2n 


2n 


'o / 1 \ 1 a 

1 + ( - - 2 • - cos e 

a a 


2 ,_1_ a 2 — 1' 

a 2 


Remark 2.1 We note that the case a < 0 gives the same values, only dependent on if \a\ < 
|a| > 1. Finally, the case a = 0 is trivial. 0 


Summing up, 


dd 


2tt 


Jo 1 +a 2 —2a cos 9 |1 — a 2 | 

The integral is divergent, if a = ±1. 


for a £ R \ {—1,1}. 


Example 2.5 Prove that if a > 1, then 

f 2<pi dt _ 2i r 

Jo a + sin t y/ a 2 - 1' 


It follows from 

p2n 


nZTT P 

/ R(sin 9, cos 9) d9 = ® R 
Jo J |z|=l 


z 2 — 1 z 2 + 1\ dz 


2iz 2z J iz 


that 


dt 


1 — = 2 


1 


/ o a + sint J\z\=i M z 1 ~ 1 J\ z \=i z2 + “2ia z — 1 

1 


dz. 


The function 


z 2 + 2i a z — 1 


2 iz 

has the two simple poles 


z = — i a ± \J—af — 1. 

Of these only z = i {y/a 2 — 1 — 1} lies inside the unit circle. Hence 


dt 


I o a + sint 


= 2 • 2ni ■ res 


(-z ——I-- ; i { \Ja 2 — 1 — lj'] 

\z 2 + 2* a 2 — 1 l ) J 


= 2 ■ 2ni lim 


ify/ a 2 — 1 —a j. Z T iyj of 2 1 ~F ■ 


= 2 • 27TJ • 


27T 


2iy/a 2 — 1 Vo 2 — 1 
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Example 2.6 Compute 


cos (2 cos 9) cLO , 


expressed as a sum J2 n =i 


+oo 

71=0 a ™- 


Applying the substitution z = e lB we get 

f 2 * m / ( 1\ dz 2ni (1 ( 1, „ 

/ cos(2cos 9) dO = <b cos \ z H— — = -res - cos zH— ) ; 0 

Jo J\z |=i V zj iz i \z \ z 

= 27t • res cos ; 0^ . 

It follows from 


ic° s (z+i)=Ti{exp(Jz+i 


exp [ -i\z -]— 


— • — | exp(z z) • exp ( - j + exp (—i z ) • exp f — - 


i 

z 2 | m\ 

\ m=Q 


+oo 

E 


1 i n 
n\ z n 


n =0 m =0 

that the coefficient a_i in the Laurent series expansion for 


+oo .. +oo .. 

y -r (- i) m z m ■ y - (~iy 

' m! ' n! 

n—0 


1 / 1 

- cos zH— 
z \ z 


is determined by m = n, i.e. 


1 K {-i) n ( -i) r 


+oo 


7 i = 1 V — • - 

1 9 Z—J n \ n \ 1 2 C—i 77.1 77.1 ’ 


n —0 


E 

n =0 


n! 


= E 


(-ir 


„^o (n\y 


which can be shown to be equal to Jo(2), where Jo(z) is the zeroth Bessel function. Hence we conclude 
that at 


-f-oo 


cos(2cos 9) d9 = 2 tt res cos |^zH— J ; oj = 27ra_i = 27 t ^ ^ = 2n Jq(2). 


n =0 
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Example 2.7 (a) Determine the Taylor series from z = 0 of 

where 0 < a < 1, 

in the form o, p z v . 

Find the radius of convergence r of the series. 

(b) Find the Laurent series of 



/(*) 



n € N, 0 < a < 1, 


in the domain given by 0 < \z\ < r, by using the result of (a), and then find the residuum of f at 
the point z = 0. 

(c) Compute 



cos (nv) 

1 + a 2 — 2a cos v 


dv, 


n G N, 0 < a < 1, 


by transforming the integral into a line integral in the complex plane. 


(a) First note that we have the factor expansion 


z — cm — z 


1 = (z — a) I z - 


If \z\ < a ( < — ), it follows by a decomposition and an application of the geometric series, 


1 


1 1 


z 2 — a H— ) z + 1 


, w 1\ 1 z — a 1 1 

(z- a) z - a - - a z - 

' 1 - ' a a a 


a 

-1 1 
1 a 


1 - 


2 1 i 


-a |- n 1 ~ az 


a 


1 +(X> 9 -1-00 

1 a ^ a p zP= 1 


a 2 — 1 


£(;) 


p—0 


p—0 


1 — a 2 


f -f-oo 1 4-oo 

< p —0 p—0 


a p+2 z p 


4-oo 


= E 


p—o 


1 1 - a 2p+2 

a p 1 — a 2 


The radius of convergence is of course r = a, which e.g. follows from the fact that z = a is the 
pole, which is closest to 0. We may also easily obtain this result by the criterion of roots. 
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(b) If 0 < \z\ < a and n £ N, then it follows from (a) that 


+ OO 


/(*) = 


z 2 - [a+-)z + 1 


= (*”+*■")£ 


p—0 


1 1 - a 2p+2 

a p 1 — a 2 


+oo 


= E- 

' nP 


1 1 - a 2p+2 


y p+n . 


1 1 — a 2p+2 


a p 1 — a 2 


V- 


a p 1 — a 2 




p=0 p—o 

which we may reduce to the Laurent series 

^ 1 1 - a 2p+2+2n „ , ^ 1 (a 2re + 1) (1 - a 2p+2 ) „ 

2^ aP +n ' ! — cl 2 Z + A. — • 1 -* 2:5 


a P+n 


p=—n p—n 

although this result is not much nicer. 

We know that the residuum is given by p = — 1, so 


1 - a 2 


1 1 - a 2 


res(/;0) = a_ x = ■ -— 

a n 1 1 — 


,2 • 
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(c) If we put z = e tv , then 

1 d z 
cos nv = - { e mv + e~ mv } and dv=—. 

2 1 ’ iz 

Then we get by insertion, reduction and an application of the residuum theorem (with the two 
poles z = 0 and z = a inside the unit circle \z\ = 1), 


C 2 7T 


cos(ni>) 1 

- dv == — 

1 + a 2 — 2a cos v 2 


1 

~2i 


1 * 1 = 

-l 


z n + z n dz 

—i 1 + a 2 — a {z + z _1 ) iz 


l*l=i 


—a 


z 2 - [ a+ - ) z + 1 


dz = -2- • 2?r« {res(/; 0) +res(/;a)} 
Zia 


7r 

— 

a 


1 1 — a 


2 n 




71 — 1 


a 


1 — a 2 


lim 

2 — 


l 

0 — 
a 


1 1 - a 2n 1 a 2n +1 

a n 1 — a 2 a 11 1 — a 2 


1 1 - a 2n 

~ * a™ ' 1 — a 2 


7T 1 - a 2n - a 2n - 1 


1 a n + a" n 
a 


1 

a - 

a 


1 — a 2 


= 2-7T ■ 


a 


1 — a 2 
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Example 2.8 Given the function 
1 - e i2z 

/(*) = -3—. 

Z z 

(1) Prove that f has a simple pole at z = 0, so we have for z ^ 0, 

f(z) = —+g{z), 
z 

where g is an entire function, i.e. analytic in C. 

Find the residuum b\. 

Consider for r > 0 the half circle 7 r , given by the parametric description 
7 r (t) = re u , 0 < t < ir. 

(2) Prove that 

/ f (z) dz bix i for r ^ 0. 

dir 

(3) Prove that 

/ f(z) dz —> 0 for r — > +oo. 



Let T e R = I + II + III + IV denote the simple, closed curve on the figure, where II = and 
IV = -7e- 

(4) Compute 


f{z) dz, 


and prove the formula 
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1) It follows from the Laurent series expansion 

i i ( +°° 


n =0 


= 4 { 1 - 1 - 2iz + X] 


+oo 


n—0 


(n + 2)! 


2 z 


+oo 


-t + 4 £ 


n—0 


(n + 2)! 


• 2 n -z n 


2 n +2 ^ n +2 


\z\ > 0, 


that / has a simple pole at 0 and that 

+°° -n 


g(z)=4j2 


n —0 


(n + 2)! 


•2 V 


zeC, 


is an entire function, and that 
res(/;0) = -2z = &i. 

2) When we use the parametric description of the half circle, we get 


f(z) dz = 


'7r 


2 z 


-h 5 ( 2 ) >dz= <- - ■ ir e lt > dt 


2i 


T € l 


'7r 


= 2 f dt+f g(z ) dz = 27 t + f g(z) dz , 

Jo J 7 r J 7 r 

where 27 t = —2 * ■ in = b\ • in. 

In particular, g(z) is continuous, so \g(z)\ < c for j^j < 1. Therefore, if 0 < 
estimate 


g(z) dz 


'7r 

It follows that 


< c • 7r r —> 0 for r —> 0 + . 


lim / f(^) ds = bini = 2n. 


3) Assume that r > 0 is large. It follows from 

e l2z = exp(2 ir ■ (cost + i sint)) = exp(—2r sint) exp(2zr cost), 
and r > 0 and 0 < t < n that — 2r sint < 0, hence 


A2z I 


< for z S T r . 


This implies the estimate 


/ /( 2 ) dz ^ J 

Jo ' 


■ r dt 


2n 

=-> (J tor r —> +oo. 

r 
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4) Now, f(z) is analytic everywhere inside T Ej /j, so it follows from Cauchy’s integral theorem that 

r R 1 _ e 2ix r r-e _ £ 2ix 


r r r n i _ r r~ £ 

o = / f(z) dz = - f(z ) dz + -^— dx + / f(z) dz + 

j r e ,H Jle de % J lR J-R 


dx. 


Since cosine is an even function and sine is an odd function, it follows by the symmetry that 


R -y _ 


dx 


1 — e 


2 ix 


dx 


' — R 


1 — cos 2x , f R sin 2x 


dx — 


dx - 


1 — cos 2x 


dx — 


sin 2x 


dx 


= 2 


1 — cos 2x 


dx = 2 


sini 


l-R 


dx. 


I-R 


Then by insertion and taking the limits e —> 0+ and R —> +oo, 


0 = j f(z) dz+ f(z) dz + 2 


—n + 0 + 2 


sin x 
x 


dx 


/ + “J 

\ sin x 1 

/o 1 

i * j 


dx. 


This limit is of course also equal to 0, so by a rearrangement, 
2 

dx= -. 

2 


r\ 

\ sin x 1 

Jo 1 

l * i 
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3 Improper integrals in general 

Example 3.1 Compute the improper integrals 

r +x 1 ( x \ ( i 


exp 


x 2 + 1 


cos 


x 2 + 1 


r+oo 


dx, and 


x 2 + 1 


exp 


x 2 + 1 


sin 


x 2 + 1 


dec. 


When we split into the real and the imaginary part, we get 
1 x . 1 

- 7 = “7-7 + 1 o-7) 

x — z x z + 1 ar + l 

so it is quite natural to consider the analytic function 
f{z) = ^ 2 \ i ex P (~j) > for 2 G C\ {-*,*}• 

Since - : —> 0 for z —> oo, there clearly exists an R > 1, such that we have the estimate 

z — i 

|/0)| < E for \z\ > R. 

Then the assumptions of an application of the residuum formula are satisfies, so we conclude by the 
linear transform w = z — i that 

sOt exp (Ofi ) dx = 2 ” ■ re8 (ttt “ 

= 27t* • res f E — 

\w z + 2iw 

Now, wo = 0 is an essential singularity of the function 

1 ( l 

— 5 —exp — 

W z + ZlW \w 

so in order to find the residuum we shall expand into a Laurent series from w o = 0, then perform 

a Cauchy multiplication and finally determine a_i by collecting all the coefficients of —. When 

w 

0 < |to| < 2 , we get 





11 1111 1 

' 77 | ' ^ x p 77 ’ w~ ' 

W Zl + W W Zl W l i _ W 


-i +oo s \ m +oo 

1 1 ^ J ~ w 1 1 1 

2 i w ^ \ 2i j n \ w n 

m —0 ^ J n—0 


Since we have separated the factor 
of the two series, i.e. m = n. Thus 


—, it follows that a_i is equal to the constant term in the product 
w 


a -1 


I 

2 i 


+oo 

E 


n —0 


l 

n! 




1 


1 


1 


— <, cos - + i sin - 
2i 
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and we conclude that 

/I “ p (iTl) { cos (?Tl) +i si " pTT 

r” i (x+i\ , „. r 1 

J -oo * 2 + l \x 2 + lj 1 2 

When we separate the real and the imaginary parts, we get 

f + °° 1 ( x \ ( 1 1 

J_ x z 2 + l ^\x 2 + lj \x 2 + lj 2’ 



+ i sin 



and 


p+oo 


X 2 + 1 


exp 


x 2 + 1 


sm 


x 2 1 


dx = tt ■ sin -. 


Alternatively we may use that the function 

9 M = 2 * exp = 1 exp 

ur + Ziw \w / w[w + 2l) \W J 

is analytic in C \ {0, — 2i}, so if we include the residuum at oo, then the sum of the residues is zero. 
Hence 


/ +oo 

-oo 


X 2 + 1 


exp 


x + i 

X 2 + 1 


dx = 2 t n ■ res (g(w ); 0) = —27ri{res(<7(ui); —2 i) + res (g(w ); oo)}. 


Here, —2 i is a simple pole , so by Rule la, 


— res (g(w ); —2i) = — lim — • exp ( — ) = — exp ( - 


z—>- 2i W 


w ) 2 i 


Furthermore, lim u ,_ (00 exp — ) = expO = 1, so w = oo is a zero of order 2 of 

\w 


g{w) = \ - 1 9 - • exp ( - J , 

w 2 i _|_ \ w J 

w 

and it follows from Rule IV that 
res (g(w ); oo) = 0. 

Then by insertion, 


r »+00 


x 2 1 


• exp 


x 2 + 1 


dx = 2 tti ■ res (g(w) ; , oo) = —— • exp ( - ) = tt } cos - + i sin - 

2i ' ° 1 1 ° ° 


and the results follow as above by separating the real and the imaginary parts. 
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Example 3.2 Assume that x > 0. Find the limit value 


1 


1 


lim / . 

A^+oo J_ A \t + ix t — IX 


dt. 


Here we get without using Complex Function Theory, 


r ( i i \, r t-ix-t-ix 

hm /- dt = lim / -=-~- 

A^+oo - y_ j4 y t + IX t — IX J A—>+oo J _ A td + X z 


= lim < —2 ix / 
A—>+oo J_ A 


dt 


t 2 


— > = —2 i lim 
, A —>+oo 


Arctan ( — 

x 


dt 


1 A 


= — 2iir. 


J -A 



American online 
LIGS University 

is currently enrolling in the 
Interactive Online BBA, MBA, MSc, 
DBA and PhD programs: 


► 

► 

► 

► 

► 


enroll by September 30th, 2014 and 
save up to 16% on the tuition! 
pay in 10 installments / 2 years 
Interactive Online education 
visit www.ligsuniversitv.com to 
find out more! 


Note: LIGS University is not accredited by 
nationally recognized accrediting agency 
by the US Secretary of Education. 

More info here. 


27 

Download free eBooks at bookboon.com 



















Complex Funktions Examples c-7 


Improper integrals in general 


Example 3.3 Let a £ K be a constant. Prove that the integral 

/ +oo 

e -(x+ia) dx 
-oo 


is independent of a. 

Hint: We may assume that a £ K + . Denote by C the rectangle of the corners —b, b, b + ia and 
—b + ia. Show that 


exp (— z 2 ) dz = 0. 
Then prove that 

e -(b+iy) 2 dy 


< e 


-b 2 


e v dy. 


By letting b —> +oo, prove that 1(a) = 


/( 0 ). 



1.5 



\ 

7 0.5 

/ 

\ 

-2 -1 0 

- 0.5 

A 



Figure 2: Example of one of the curves C. Here, a = 1 and b = 2. 


Clearly, we may assume that a > 0, because we otherwise might consider an analogous curve in the 
lower half plane. 

Now exp (—z 2 ) is analytic in C, so 


exp (— z 2 ) dz = 0. 

We estimate the line integrals along the vertical lines by 


0 -(±b+iy)‘ 


dy 


0 -b 2 ^2ibu+y' 


dy 


<e b I e v dy 0 for b —> +oo. 


Since 


e z dz = I e x dx + i 


c 


' —b 


f'-(b-\-iy ) 2 pb pa 

dy — e~ {x+la '> 2 dx - i / e- < ~- b+iy)2 dy = 0, 

3 J-b Jo 
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and since e x dx is an improper convergent integral, it follows by taking the limit b —> +oo that 

/ +oo />+oo 

e -(x+ia) dj;= e -x dx = J^_ 

-oo J —oo 

Note that we also have 


!(-«) =/(a) =1(0) =1(0). 


Example 3.4 Compute 



Hint: Use that 



Then use polar coordinates. 


Since e~^ x +y ) > 0 for every (x,y) £ R 2 , and since the function is continuous, all the transforms 
below are legal, if only the improper plane integral exists. (The only thing which may go wrong is 
that the value could be +oo). Hence, 


m 2 = 


r+oo r+oo 

e~ x dx ■ / e~ v — 


dy = [ [ e ( x +y ^dxdy 

J Jr 2 


f + 0 ° r- 2 

1 „2 

/ e r dr dO = 2tt ■ 

— e 

Jo 

2 


-I +oo 


and thus 


1 ( 0 ) — \/tt - 0 


. 2 

Example 3.5 Integrate the function e lz by using Cauchy’s theorem along a triangle of corners 0, a 
and a( 1 + i), where a > 0. Prove that the integral along the path from a to a(l + *) tends to 0 for 
a —> +oo, and then prove that 



The integrand is analytic, so it follows from Cauchy’s theorem that 

0= I" e ix2 dx+ r^idt- [° e^ 1+i)2 * 2 (1 + i) dt. 

Jo Jo Jo 


29 

Download free eBooks at bookboon.com 









Complex Funktions Examples c-7 


Improper integrals in general 



Figure 3: The curve C when a = 1. 


We first consider 

I 2 = [ e i{a+it) \dt. 

Jo 

Here we get the estimate 


\h\ = 


pa 

[ e<“ : 

Jo 


* 2 )e 2at idt 


< 


1 — e~ 2a 1 

' dt = --- < —. 

2 a 2 a 


It follows immediately that 

r a(l+i) 


e lz dz —> 0 for a —> + 00 . 


Then we introduce the substitution u = t\J 2 into the latter integral, 

h = [ e l(1+i)2 * 2 (l + i)dt. 

Jo 


We get here 


h = 


f e* 1+i)H \l + i)dt={l + i) r 

Jo Jo 


e~ 2t2 dt= 1 + l 


c aV 2 


V2 


e~ u du 


1 + i 


/»+oo 


e x dx for a —> + 00 . 


We finally conclude that the first integral I\ is also convergent for a —> + 00 , and 


r+00 2 /-+oo r+00 1 1 j r+00 

/ e“ dx= cos (a; 2 ) dx + i sin (a; 2 ) dx = —— / 1 

Jo Jo Jo v2 Jo 


e x da;. 
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Remark 3.1 If we use the result of Example 3.4, it follows by the symmetry that 



1 + i 



hence 



0 



One generation’s transformation is the next’s status quo. 
In the near future, people may soon think it's strange that 
devices ever had to be “plugged in." To obtain that status, there 

needs to be “The Shift”. 


What if 
you could 
build your 
future and 
create the 
future? 


www.alcatel-lucent.com/careers 


Alcatel-Lucent 
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Example 3.6 1) Find the domain of analyticity of the function 
Log z 


/(*) = 


— 1 " 


Explain why f has a removable singularity at z = 1. 

2) Let C r n denote the simple, closed curve on the figure, where 
0 < r < R < +oo. 



Compute the line integral 
(1) f(z) dz. 

JCr.R 


r, R 

3) Show that the improper integral 
f +°° In x , 

Jo 

is convergent, and then find its value, e.g. by letting r —> 0+ and R —* +oo in (1). 


1) Clearly, / is defined and analytic, when 

zeC\(K_u {0,1}), 

and the singularity at z = 1 is at most a simple pole, 


+oo 


/(*) = = Te ^cr + E a ^ z - !)”> 0 < \z - 1| < 1. 

n —0 

But since 


r Log 2 Log 1 
w w ' z->i z +1 2 
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it follows that the Laurent series of / from z = 1 is a power series, so the singularity at z = 1 is 
removable. 

Alternatively, both the numerator and the denominator are 0 for z = 1, so we get by l’Hospital’s 
rule that 


1 

lim f(z ) = lim ^ = lim A- = ^ 

~-i J v ; z ► l z 2 -l *-i 2z 2’ 

so the singularity is removable, and we may consider 

ieC\(R_ u {o,i}), 
2 = 1 , 

as an analytic function in C \ (R_ U {0}). 



Alternatively it follows by a series expansion of 
Log z = Log(l + (z — 1)) for 0 < \z — 1| < 1, 


that 


m = 


Log 2 

z 2 — 1 


1 

z + 1 


1 (-l) n+1 

z —l ^ n 

n—1 


•( 2 - 1 )" 


1 ^ (- 1 )" 

z + 1 n + 1 

n—0 


(2 


l) n . 


Here -- is continuous in all of the disc \z — 1| < 1, so we conclude again that z = 1 is a 

removable singularity and that / can be analytically extended to z = 1 by putting 


/(l) “ 


1 

1 + 1 



1 

2 



Figure 4: The path of integration C r ^n with the removable singularity at z = 1. 
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2) Since we may consider / as an analytic function in C \ (R_ U {0}), we conclude from Cauchy’s 
integral theorem that 

( 2 ) / f(z)dz = 0 . 

Jc r ,R 


111 X 

3) When we restrict the analytic function to R + , we get a continuous function —-, supplied by 

x 2 — 1 

the value — at x = 1. Since we only have In x = 0 for x = 1, we see that x = 1 is the only possiple 

111 X 

zero. However, the value is here — > 0, so we conclude by the continuity that —^-- is positive 


(and continuous) for x £ M+. Then we have the splitting 


x 2 — 1 


p+oo 


In a; 


dx = 


J o - 1 

The estimate 

0 < fi lnI 


' 2 In a; 
i x 2 — 1 


dx 


f 2 Ins , f +0 ° 

Ji ^i dx+ L 


In x 
x 2 — 1 


dx. 


x 2 — 1 


■ dx < 


- 1 


| In x | dx = - 


(— In 2 ) dx 


^ [-x In a; + 2 ] q + = ^ ^ (1 + In 2) = ^ (1 + In 2) < + 00 , 


implies that the first integral exists. 


It was mentioned above that we could consider ,,- as a continuous function in the closed 

x 2 - 1 

bounded interval [|, 2], from which we conclude that the second integral also is convergent. 

Finally, it follows from the magnitudes of the functions, when x —> +00 that there exists a constant 
C > 0, such that 

r + °° inr r + °° 1 

0< / -- dx < C / —3- dx = C\/2 < + 00 , 

J 2 x 2 ~l J ‘2 xi 

and we conclude that the last integral also is convergent. 


Summing up we have proved that the improper integral 


c+oo 

0 


In x 

— - dx is convergent. 

x 2 — 1 


When we expand (2), then 


r R 


0 = 


f: 


In x 
x 2 — 1 

In x 
x 2 — 1 


dx ■ 


dx + i 


Log (Re is ) Rie , e<w _ 


r R 


R 2 e 2i0 _ 1 
rR In t + i — 


Log( it ) . idt _ ri Log(r e ‘») ricUde 


{it) 2 - 1 


1 + t 2 


■ dt + i 


' 2 In R + id ig 

nv«-i ' Re M + ‘ 


r 2g2 id _ 


' 2 In r + id ie 

■ re dO , 


1 — r 2 e 


2p2 iQ 
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hence by a rearrangement, 


r R 


In x 
x 2 — 1 
7 r 
2 




da: - 


In f 


dt 


dt 


1 + t 2 
/' 2 In i? + id 


1 + t 2 


R 2 e 2iS - 1 


•i?e ie dd-* 


' 2 In r + id 




1 — r 2 e : 


2 e 2i8 


dd. 


By taking the limits r —» 0+ and R —> +oo on each of the terms on the right hand side we get 


lim lim — 

r— >0+ R —>+oo 2 


dt 

r 1 + t 2 


7r 
2 


+°° dt 
1 + t 2 


7T 7T 
2 ' 2 


7T 

4 


and 


‘ 2 In f? + id 
, R 2 e 2ie - 1 


■ i?e iS dd 


< 


n Ini?+ f 

1 tsnr f Rde 

7r i? (in i? + ^) 

2 i? 2 - 1 * 


for i? —> +oo, 



In the past four years we have drilled 


81,000 km 


That's more than twice around the world. 


Who are we? C 

«--— -> 

We are the world's leading oilfield services company. Working 

n ■ sP 

globally—often in remote and challenging locations—we invent, 
design, engineer, manufacture, apply, and maintain technology 
to help customers find and produce oil and gas safely. 


Who are we looking for? 

We offer countless opportunities in the following domains: 

■ Engineering, Research, and Operations 

■ Geoscience and Petrotechnical 

■ Commercial and Business 

* A 

If you are a self-motivated graduate looking for a dynamic career, 
apply to join our team. 

What will you be? 

careers.slb.com 

Schlumbepger 
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and 


‘ 2 In r + id 
, 1 — r 2 


• 2z9 de 


^ 7T r(|lnr| + f) 
“ 2 ’ 1 - r 2 


for r —> 0+, 


respectively. Hence, by summing up, 


/*+00 


In: 


f *+00 


X 2 — 1 


dx 


In t , 7r 2 


Finally, by separating the real and the imaginary parts, 


r+oo 

Jo 


In x x 2 

-? -r dx = — 

x 2 — 1 4 


/*+oo 


og 


In; 


x 2 + 1 


dx = 0. 


36 

Download free eBooks at bookboon.com 













Complex Funktions Examples c-7 


Improper integrals in general 


Example 3.7 Given the function 


(1) Find all the isolated singularities of f in C. 

Determine the type of each of them and their residuum. 

Given for each r\ > 0 and r 2 > 0 the closed curve 

r )r\,r 2 A \ ,l'2 “F Hr2 ~F ^ -^ri,r 2 “F -^^ri 

(cf. the figure), which form the boundary of the domain 
A r i yT - 2 = {z £ C j —ri < Re{z ) < V 2 and 0 < Im(z ) < 7r}. 



6 

4 




2 

\ 

T T \ T 


-io 

-6 

-2 

5 / 

10 


Figure 5: The curve 7n,r 2 with the direction given on I ri ,r 2 = [ — , T 2 ] and III ritr2 


(2) Prove that 


j) f(z) dz=^n. 


(3) Prove that the line integrals along the vertical curves II r2 and IV ri tend to 0 for r 2 and r\ tending 
to + 00 . 

(4) Find 


r»+oo 


1 + e 1 


4x 


dx. 


1) Since e z yF 0 for every z £ C, the singularities are determined by 


4z 


= — 1 = e *( 7r + 2 P 7r) ) pG z, 
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so the isolated singularities are 


z p = 1 \^+P 

We see from 
d 


{j+Pj}, P£Z. 


+' + !}„« = 4e‘-=-4/0, 


dz ( ' J| z — z p 

that these singularities are all simple poles with the residues 

1 /. r 7r 7T 'i \ y/2 


res (/; z p ) = — ex P (*{“[+P ^ }) =—— (1 + i) • exp (i | • p) , p € Z. 

2) We have inside the curve 7 rijr - 2 only the two poles zq and z\, hence by Cauchy’s residuum theorem , 

V2 


Tri ,r2 


l+e 4z 


dz = 2ni {res (/; zq) + res (/; Zi)} = 2m < —— (1 + *)(! + *) 


i 1 J 2 -ft 

3) We may choose the parametric descriptions of the vertical paths of integration in the form 
z{t) = r + it, t G [0,7r], where either r = r 2 or r = —r\. 

If r = r 2 >0, then we get the estimate 


[ f(z) dz 

<r 

J Hr 2 

Jo 


a r 2+it 


\ _|_ e 4r- 2 +4it 
If r = — ri < 0, then we get instead 


dt < 


e r2 - 1 


[ f{z) dz 

<r 

Jiv ri 

Jo 


o—ri+it 


4) Finally, 

[ f{z) dz = f 

“ Ir-i .To ” 


l _|_ g-4ri+4it 


dx. 


dt < 7T • 


1 - e~ 4ri 


0 for r 2 —» +oo. 


0 for ri —> +oo. 


_ ri 1 + e 4x 


and 


[ f(z)dz= f 
JIII r , Jr- 


~ r i pX pii r r r 2 p x 

_++_ dx= _ _ dx 

1 + e 4x el 4n aX J ^ ! + e 4x aX - 


It follows from (2) and (3) that 

V2 


■ 7T = 

2 


lim ® f(z) dz = 2 

,r 2 ^+oc / 7riira 


+oo gX 


1 + e- 


4rc 


<ir, 


hence 


+ °° e x , s/2 

-— dx = —— 7r. 

-oo 1 + e 4 * 4 
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Remark 3.2 It is possible to find the value of the improper integral (which clearly is convergent) 
without using the calculus of residues. First we get by the substitution t = e x , 

,+°° e z ,+oo dt 

J -oo 1 + e 4 * X -J 0 1 + t 4 ' 

Then we decompose the integrand in the following way, 

1 1 _ 1 1 
l+¥ ~ (f 4 + 2f 2 + 1) - 2t 2 _ (t 2 + l) 2 - (V2t) 2 ~ {t 2 + V2t + 1) (P-VZt + l) 

at + b ct + d 

t 2 +V2t + l + t 2 -V2t+l’ 

hence 

1 = (at+b) (t 2 — V2t+1^ + ( ct+d ) (t 2 + V%t+lj 

= (uFc)7(—72uT6T y/2c-\~(d)t 2 4~(a — 72 &TcT 72 d)tT(frT(i). 

We get a + c = 0, i.e. c = —a, and b + d = 1, so 
— 2 v / 2 a + l = 0 and — y/2 b + \[2 d = 0 . 


It follows that 

a = — 7 = = —c and 

2^2 


b = d = 


1 

2 ’ 


thus 

1 1 2t + \/2 1 1 1 2f - 72 1 1 

- = -•---1- - •-•---h - •- 

1 + t 4 4^2 t 2 + \/2t+l 4 t 2 + V2t+l 4V2 t 2 -V2t +1 4 t 2 ~V2t + l 

Finally, we get the primitive 

f ( 2t+ /^ - 2t+ /* \dt = ln( t ‘ 2 + V * t + 1 ) -> 0 , 

7 \f 2 + 72t+l t 2 — 72t + 1 J + 


for t —> 0+, and for f —> + 00 . We therefore conclude that 


C+oo 


1 + e 


Ax 


dx = 


+°° dt _ 1 /-+ 00 
1 + f 4 _ 4 


Jo 

1 r +co 
4 y 0 


/o 


f 2 +72t + l f 2 ~72f+l 
1 


dt 


t + 


72 


f - 


1 

71 


> dt 


72 

4 


Arctan ( y2£ + 11 + Arctan ( v2 1 — 1 


Jo 


72 r 7T 7T 7T 7T 'J .72 7 


4 12 
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Complex Funktions Examples c-7 


Improper integrals in general 


Example 3.8 Denote by A the domain 

A = C\{z€C| Re(z) = 0 and Im( 2 ) < 0}, 

and denote by yfz the branch of the square root which is analytic in A, and which is equal to the usual 
real square root on the positive real axis R + . 

Furthermore, let 

r r ,_R = I r ,R + Hr + IH r ,R + IV r for 0 < r < 1 < R, 
denote the simple closed curve on the figure. 



Figure 6: The closed curve T r ,R med I r ,R = [r, i?] and the circular arc IIr with a direction, (and 
III r r and IV r follow in a natural way). The pole i of f(z) is indicated inside T r r. 


Put 


+ 1 ) ■ 

1) Prove that 

f(z)dz= -j=(l-i). 

2) Prove that the integrals of f along the half circles Hr and IV r tend to 0 when R tends to oo, and 
r tends to 0. 

3) Prove that the integral 

r _i_ dx 

J 0 (x 2 + 1) ax 

is convergent and find its value. 
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Improper integrals in general 


1) The only singularity of f(z) inside T rj fl is the simple pole z = i, so it follows by Cauchy’s residuum 
theorem that 



f(z) dz 


2ni res 


1 


\[z (z 2 + 1) 
1 — i 7r 


, * I = 2tti lim ———— = 27T* • 


z^i yfz • 2z 


1 + i 

~72 


2 i 


yr = vi (1 ^ ) - 


2) We estimate the integral along the curve IV r of the parametric description z(t) = r e 1 ^ l \t G [0,7r] 
and 0 < r < 1, by 


iv r 


yfr (z 2 + 1 ) 


dz 


< 


rdt 


y/r- (1 — r 2 ) 


1 — r 2 


for r —> +oo. 


Along med II R we choose the parametric description z(t) = R ■ e lt , t G [0,7r], R > 1, and then get 
the estimate 


'ii R ( z2 + 1 ) 


dz 


< 


R 


Vr-(r 2 - i) 


dt = 


tt\/R 
R 2 - 1 


for R —> +oo. 
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Improper integrals in general 


3 ) We obtain along III r ^, 


f dz 1 , 

f~ r dx 1 

f R d * i , 

f R dx 

hii r ,R yfz {z 2 + 1) i J 

—R y/\x\ (x 2 + 1) * J 

r y/x (x 2 + 1) J 

r y/x (x 2 + 1) 


Taking the limits r — > 0 + and R —> +oo and applying the results of (1) and (2) we get 


r+oo 

(1-*) / 

Jo 


dx 


y/x (x 2 + 1) y /2 


= ^(1-0. 


hence 


+oo 


dx 


•v/x (x 2 + 1) y /2 


Alternatively we may change the variable to t = y/x, x = t 2 , t £ K+, 

r + °° dx _ r + °° dt 

Jo y/x (x 2 + 1) Jo t 4 +1' 

Then we decompose in the following way, 

1 1 _ 1 1 
l+¥ ~ ( t 4 + 2 1 2 + 1) - 2t 2 ~ (t 2 + i) 2 _ ~ (t 2 + y/2t + 1) (t 2 - y/2t + 1) 

at + b ct + d 

t 2 + y/2t + l + t 2 -y/2t + l’ 

hence 

1 = (at+b) (t 2 — V2t+1^ + ( ct+d ) ^t 2 + v / 2t+l^ 

= (nTc)t^T(— y/2a-\-b-\- \/2cTd)f 2 4-((2—\/2^TcT\/2d)tT(dTd). 

We get a + c = 0, thus c = —a, and b + d = 1, so 
—2y/2a + l = 0 and — y/2 b + y/2 d = 0. 


Then 

a = —7= = —c and b = d= 

2V2 2’ 

and 


1 1 2t + y/2 1 1 1 2t — y/2 1 1 

-= -.---p - .-.---p - .- 

1 + t 4 Ay/2 t 2 + y/21 + 1 4 t 2 + y/2t+l Ay/2 t 2 -y/2t+l 4 t 2 ~y/2t + 1 

Finally, we see that the primitive is given by 

[ { 2t+ /* - 2t+ /* }dt = \n( t2 + V J. t + 1 )^0, 

J \t 2 + y/2t+l t 2 — y/2t + 1 j \t 2 -y/2t + lj 
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Complex Funktions Examples c-7 


Improper integrals in general 


for t —> 0+, and for t —► +oo. We therefore conclude that 


r»+oo 


1 


/0 Vx (x 2 + 1) 


r*+o° 


dx = 2 

- i 


dt 

1 + f 4 


C{ 


1 


r+oo 


t + 


\/2 


t 2 + V2t+l t 2 -V2t +1 

1 

- dt 


dt 


t — 


1 

71 


72 

2 

72 

2 


jArctan (^V2t + 1^ + Arctan ^V^t — 1^ 

y/2 7T 
2 


- OO 

- 0 


' 7T 7r 7T 7T ' 

. 2 + 2^ _ 4 + 4. 



> Apply now 
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Complex Funktions Examples c-7 


Improper integral, where the integrand is a rational function 


4 Improper integral, where the integrand is a rational func¬ 
tion 

Example 4.1 Find the value of the improper integral 
r + °° dx 


1) It is possible to compute the integral by a real decomposition; but this is not an easy method. We 
shall here shortly sketch it in order to demonstrate the difficulties connected with it: By “adding 
something and then subtracting it again, followed by factorizing the difference of two squares” we 
get 

x 4 = x 4 + 2x 2 + 1 — 2a; 2 = {a; 2 + l} 2 — j\/2x j = jx 2 + V2x + lj jx 2 — \[2x + 1 j . 

We conclude that there exist real constants A, B, C and flgl, such that 

1 1 
x4 + 1 {x 2 + l} 2 — {V2 X y = {x 2 + x/2x + 1} {a; 2 — \[2x + 1} 

Ax + B Cx + D 

x 2 + \/2x + l x 2 — \/2x+l 


Then by the usual decomposition, 


A = 


1 


2V2’ 


B = ~2 ’ 


C = — 


2V2 7 


1 

^=2’ 


and we find a primitive of 


x 4 + 1 


in the usual way. 


2) A variant of the method of decomposition above is to note that all four poles Zj are simple, so 
1 res(/;zi) res (f; z 2 ) , res(/;z 3 ) res {f; z 4 ) 


z 4 + 1 
where 


z — Z\ 


Z — Z2 


Z - Z 3 


Z — Z 4 


, , x 1 zo 1 
“(/;=,) = 4 ^ = ^ = - 4 z ” 

by Rule II. We see that the Zj are complex (they occur in complex conjugated pairs), so the terms 
shall afterwards be paired together in the same way, before we find the real primitives. 


3) Finally, we show that it is much easier to use the residuum formula. We shall first check the 
assumptions. The integrand is a rational function with a zero of order 4 at 00 and no pole on 
the real axis. This implies that the improper integral is convergent and we can find it value by 

computing the residues of the poles in the upper half plane. The four simple poles are exp 

p = 1, 3, 5, 7, of which only 



exp 



1 + i 

~w og 



—1 + i 
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Improper integral, where the integrand is a rational function 


lies in the upper half plane. 

If we as above use Rule II with A(z) = 1 and B(z) = z 4 + 1, where B'(z) = 4 z 3 , then we get for 
any of the poles zo that 

(t \ A{z 0 ) 1 z 0 1 

re8(/; " o) = ^ = I? = S3 = 

because z$ = — 1 for all of them. 


Then by the residuum formula, 

f + °° dx n . . 

= 27 n < res 


x 4 + 1 


1 + i 


= 2ni■ < — 


+ 1’ V2 

l + i -1 


res 


1 


-l + i 


s/2 s/2 


z 4 + 1 ’ s/2 

27+ 2 i tt 

4 ’ s/2 ~ s/2 


Example 4.2 The improper integral f+°° 
nevertheless use the residuum formula. 


x 

x 2 + 1 


dx is not convergent. 


Discuss what happens if one 


The only singularity of the analytic extension of the integrand in the upper half plane is the simple 
pole at zq = i. Here we have 


res 




1 

2 ’ 


so if we unconsciously put this into the residuum formula, then 


U 



— - dx = 2ni ■ res 

x 2 + 1 



= iri 




This is of course not true, because if we could attach the improper integral a value (it is not convergent, 
so one should at least use “Cauchy’s principal value” in order just to get a little sense into this 
expression), and then it is obvious that a possible value should be reel and not at all imaginary. 
The example shows that residuum formulae formally often can be applied in cases, in which their 
assumptions are not fulfilled. If so, they will usually give a wrong result. 


Example 4.3 Compute 
r+ °° dx 


(o) / 


-oo (l + £ 2 ) 


2 ’ 


/ +oo 

-oo 


-oo (1 + X 2 Y 


dx. 


(c) 


+oo 


dx 


-oo (1 + a: 2 ) 


3 ' 


(a) The integrand has a zero of fourth order at oo, and since ( 1 + x 2 ) 2 0 for every x G R, the 

integral is convergent. The integrand has the two double poles ±i, of which only +i lies in the 
upper half plane, so 


f + oo 


dx 


(1 + x 2 ) 


= 27 ri ■ res 


= 27+ lim 


1 


(1 + * 2 ) 2 ’ "J 1! zCfi dz \ (z + i) 2 

— 2 —^47+ 7T 

2 ' 


\ „ 1 „ d 

i = 27 n ■ — lim 


1 


z^i (z + *) 3 (2 i) 3 
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Improper integral, where the integrand is a rational function 


(b) The difference of degrees is 2 where the denominator is dominating, and the integrand has only 
the singularities ±z (double poles, which do not lie on 1R). Hence, the integral exists and 


r+oo x 2 


(1 + X 2 ) 


dx = 2iri • res 


= 27n lim 


(* 2 +ir 

2 z 2 z 2 


\ „ 1 d 

i = 27T* • — lim — 


z^i\(z + i) 2 (z + i ) 3 

(2 if 1 (2*) 3 1 7T 

(2 i) 2 2 (2i) 3 J 2' 

Alternatively, we of course also have 


1! z^i dz ( (z + i) 2 
„ , 2* 2 i 2 

= 27 Tl 


(2i) 3 (2i) 3 


a; 2 + 1 — 1 


1 


1 


(l + x 2 ) 2 (l + x 2 ) 2 1 + ® 2 (l + x 2 ) 2 ’ 

and then it follows from (a) that 

r +oo 2 /-+oo -I /-Too -I 

dx= - - 0 dx — 


(1 + X 2 ) 


l + x 2 


7T 7T 

- 7, dx = 7T — — = —. 

(l + x 2 ) 2 2 2 


(c) The integrand has a zero of order 6 at oo and no singularity on the x-axis, and poles of order 3 
at 2 = zti. Hence, 


r» + 00 


dx 


(1 


= 27t* • res 


= 7n lim 


> 2 + l) 
d f —3 


1 


\ „ 1 d 2 

o ; i = 27T* • — lim —- . 

3 I 2! z^i dz 2 [ (z + z) 3 


(—3)(—4) 12t ri 12ni 3tt 

= 7 n lun — — — 


z^i dz ( (z + i) 4 J z^i ( z + i) 5 (2i) 5 32z 


Example 4.4 Prove that 

(a) 


+°° x 2 , ttv^ 

-- dx = ———, 

-oo z 4 + 1 2 


m f + °° x ~ 1 x 4tt . 2tt 


(a) The integrand 


x 4 +1 


has a zero of second order at oo, and no singularity on the x-axis. The 


poles in the upper half plane, 


-21 = 


1 + i 


and 


V2 Z2 V2 ’ 

are both simple with z\ ■ Z 2 = — 1, so 


-1 + i 


r+oo ^2 


X 4 + 1 


dx = 2ni < res 


; zi + res 


z 4 + 1 

z 2 . z 2 

4^3 + s ^ 2 4^3 

7rfl + i —1 + * 


z 4 + 1 


; z 2 


V2 V2 


\ 2ni I 

f 1 

i ■ 

\ 7TZ 


-1- 

1 =- 

/ 4 \ 


-22, 

/ 2 

7n 2 i 

7r 

7T\/2 


2 ' \/2 V 2 
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Improper integral, where the integrand is a rational function 


(b) First we note that we have a removable singularity at x = 1, because 


Hm 4-4- = iim A 

a:->l X° — 1 x->l OX 4 


either by l’Hospital’s rule, or by a simple division, 


x — 1 1 1 

x 5 — 1 x 4 + x 3 + x 2 + x + 1 5 


for x 


1 . 


There is no other singularity on 1R than the removable singularity at z = 1, and the integrand has 
a zero of order 4 at oo. We therefore conclude that the improper integral is convergent. The poles 
in the upper half plane, 


z\ = exp 



and 
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Improper integral, where the integrand is a rational function 


are both simple, so the value of the improper integral is 


r+0 ° x-1 , n . 

— z —- dx = 2m < res . , 

x 5 ^l 1 V^ 5 -l 


Z — 1 \ ( Z — 1 

; zi + res -=-- ; z 2 


z 5 - 1 


„ z — 1 z — 1 

2m f z 2 — z 
iim -=— 


27ri 

~5~ 

27ri 


2-*Zl Z U 

4*7r 


.. z 2 - z \ 2m f 2 2-1 

lim -z— > = — {z 1 - zi + z 2 - z 2 ) 


5 i eXP V 5 


Z^Z 2 Z v 

2Z7T 

IT 


— exp 


exp 


exp 


-^l-ex pf 2 ^) 


Remark 4.1 Since 

1 + ^5 


7r 

cos — = 
5 


5 7 


and 


5 7 


8*7r 

IT 

2iri 
5 ' 


4*7t\ 

27T 1 47T 27T 

— 2i sin — > = — sm —. 
5 J 5 5 


. 7T 

sm — = 
5 


\/l0 - 2^5 


it follows by insertion that 


f + °° x — 1 4tt 

_ . 7T 

7 r 

7T 


/ —-- dx = — 

• 2 sm - 

• cos — = 

- . 

(1 + V5) 

J- 00 £ 5 - 1 5 

5 

5 

10 

V 7 


7T 

10 


Vl0 + 8\/5= % J10 + 2V5. 

V 5 V 


Example 4.5 Compute 

, , ; + °° dx 

(a) 


(x 2 + l) r 


n G N, 


(ft) 


r+°° ^.2 


x + 1 
x 2 + 1 


dx. 


In both cases we see that the improper integrals are convergent (the denominator is dominating, and 
the difference of the degrees is at least 2, and we have no singularity on the real axis R), so the values 
can be found by means of the residues in the upper half plane. 


(a) Since 2 = * is an n-tuple pole, we find 

r + °° dx ( 1 


(x 2 + l) r 


= 27t* • res 

27T* 


1 d” -1 


(* 2 + 1) 

(— n)(—n — !)••• (—2 n + 2) lim 


1 


= 27T* • 


(n — 1)! 

(-1)"- 1 • (2n- 2)! 1 


z —>1 (z + i) 2n 1 
1 7r ( 2n - 2 


(n — l)!(n — 1)! 2 2ra_1 i 2n 2 2rl_2 \ n — 1 


(b) If zo is one of the simple poles, then Zq = — 1, so the residuum is given by 
V + l \ z 2 + l 


res 


z 4 + 1 


; z 0 = 


z ° t 2 , 1 \ 

- ( z o + !) • 
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Improper integral, where the integrand is a rational function 


Then by using the symmetry, (the integrand is an even function), 


+°° z 2 , 1 

—i-- ax = — 

x 4 + l 2 . 


r+°o „2 


X + 1 


= m < res 


x 4 + 1 


dx 


z 2 + 1 


z 4 + 1 


; exp 


Oj) 


■ res 


z 2 + 1 


,4 + 1 ;exp^ Ty ) 


. 37r\ 


7rz 

"T 

7TI 

4\/2 


exp 0 D ( exp 0 f)+*) + ex p 


37T 


* ^) ( exp (* ^ ) + 1 


7T7 4? • 7T? 

{(1 + *)(1 + *) + (-1 + *)(1 - *)} =- p {2i - (-2*)} = — 


4V2 


\y/2 


y/2' 


Remark 4.2 It is possible, though far from easy to compute the value of the integral by only 
using the known real methods of integration from Calculus, i.e. by a decomposition. We shall here 
only sketch the method. 

If we only can factorize the denominator, the rest is standard, though still difficult. The trick is 
here the usual one: Add something and then subtract it again, 


x A + 1 = x 4 + 2x 2 + 1 — 2x 2 = (x 2 + l) 2 — ( y/2x) 2 = (x 2 + \/2x+ (x 2 — V2x + . 


Now we have written the denominator as a product of polynomials of degree 2, so we can in principle 
decompose and then compute the integral. However, the factorization of the denominator shows 
that this will be fairly difficult to carry through in practice. 0 


Example 4.6 Compute 



The denominator is dominating with at least 4 degrees in the exponent, and there are no poles on the 
a:-axis. Therefore, both improper integrals are convergent, and we can compute them by a residuum 
formula. 

(a) The integrand —-—- has in the upper half plane the three simple poles 


/. 7T\ 

/ . 7T\ 

/. 5-71-\ 

( l e)’ 

exp V 2 ) = 

exp U — ) 


Let Zq be anyone of these poles. Then in particular z q = —1, and it follows that 

f 1 \ 1 z 0 1 

reS {T^' Zo ) = 6zl = 6zl=~6 Z °- 

By insertion; 
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Improper integral, where the integrand is a rational function 


Remark 4.3 The denominator can be factorized in the following way 

1 + x 6 = (l + x 2 ) ( x 4 — x 2 + l) = (l + x 2 ) (a; 4 + 2a; 3 + 1 — 3a; 2 ) 

= (x 2 + l) ^(x 2 + l) 2 - (\/3x) 2 j = (x 2 + l) (x 2 + VSx + 1^ ^x 2 — V3x + 1^ , 

so we can in principle decompose the integrand and then integrate in the usual way known from 
Calculus. However, the coefficients clearly show that this will be very difficult to carry through. 0 


(b) Here we must not forget what we learned in the “kindergarten”: 


f +00 dx=- [ + °° l [Arctan (x 3 )] + °° = 

Loo 1 + z 6 3 ./-oo 1 + (x 3 ) 3 L v n ~°° 


7T 

3' 


Alternatively (and this time far more difficult) we see that we have the same simple poles as 
in (a), and then we get by the general expression of the residuum at the pole zq, where Zq = — 1, 


res 


1 + z 6 



4 = 4 

® z 0 6 Zq 


1 

6 


z 


3 

0 > 
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Improper integral, where the integrand is a rational function 


hence 


+oo x 2 


1 + X 6 


■ dx = 


2 " { res (if? ; exp 0 \)) +res (if? ; ') +res ( 


57T 

1 + z 6 ’ 6XP l*~6" 


27 ri 


6 | exp OI) +iJ+ exP(S 


. 5n 


7TI r . . n 7r 

= -y{*-* + *}= 3 - 


Example 4.7 Compute f_ 


+00 dx 


1 + X s 


The function 


1 


1 + z i 


has a zero of order 8 at 00 and no singularity on the real axis. Hence the improper 


integral is convergent, and its value can be found by the residues at the poles in the upper half plane. 
All poles are simple, and we have in the upper plane the four poles 


z 1 = exp 


01) 


, z 2 = exp 1 


37r 


57t\ 

z 3 = exp ( * — I , z 4 = exp [ 1 


7ir 


We have for every pole Zk that z\ = —1, so 

1 \ 1 1 

84 


res 


1 + z 8 


Then by the residuum formula, 


f +oc dx ( 1 \ r . 2ni f . 7r .37r'l 7r . 7r tt 

J_ x rr? = 2»^--j-U 1+ , 2+ .- 3+ , 4 ( = -— 2,| 8 ,„- +s ,„ T j = -.2»„ i .c<, s - 


7T r— /l + cosf 7T 1 

- 2^'V 2 = 2 V 1 + ^5' 

Alternatively, it is possible to decompose. Here, we shall only show how one factorizes the denom¬ 
inator 1 + X s : 


1 + a; 8 = (a: 8 + 2a; 4 + l) — 2a; 4 = (a; 4 + l) - ' — (V2 • x 2 ^j = ^a; 4 + V2x 2 + ^a; 4 — V2x 2 + 

= |(a; 4 + 2a; 2 + 1) - (2 - V2)x 2 ^ j(a; 4 + 2a; 2 + l) - ( 2 +^ 2 ) a; 2 } 

= | (a; 2 + l) 2 — 2 — \/2 ■ x*J | |(a; 2 + l) 2 - (^2 + V2x^j j 

= (x 2 +yj2-V2x+l S J (x 2 -\f2-V2x+lj [x 2 + \] 2+V2x+l S j [x 2 -\J 2+V2x+l S j . 

Obviously, the following decomposition becomes very difficult, although it can in principle be carried 
through. 
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Improper integral, where the integrand is a rational function 


Example 4.8 Compute 

/ f + °° xdx 

W / 


(; X 2 + 4x + 13) 


(b) 


p+oo 


x 2 dx 


I o (x 2 + a 2 ) 


a C M + . 


(a) It follows from 

x 2 + 4x + 13 = (x + 2) 2 + 3 2 , 

that the integrand has the double poles —2 ± 3 i, which do not lie on the real axis. The difference 
of the degrees is 3 with the denominator dominating, so the integral exists, and the value can be 
expressed by the residuum at z = —2 + 3 i: 


p+OO 


; dx 


I -oo (a; 2 + 4a; + 13)'“ 

27T d 

= — r hm — 


= 27 ri ■ res 


(z 2 + 4a + 13)' 


5 —2 -T 3 i 


= 2tti 


1! z->-2+3i dz [(z + 2 + 3*) 2 

1 2(—2 + 2 i ) ) 27 t * 


= 27T7 lim 


2z 


—2+3 i ( (z T 2 T 2i) 2 (z T 2 T 3z) 3 


(6*) 5 


(6*) 3 


(6 z)3 {67 + 4-67}= 


(b) Here we have the double poles ±i a ^ K, and since the difference in degrees is 2 with the denom¬ 
inator dominating, it follows by the symmetry that 


+oo 


o (a; 2 + a 2 ) 


= 7ri lim — 


2 dx = 2 


1 r + °° 

2 7-00 


z a dz ( (z + i a) 2 


-oo (a : 2 + a 2 Y 


= 7ri lim 


dx = ni ■ res 


2z 


{z 2 + a 2 ) 
2z 2 


; la 


z^ia [ (z + 7 a) 2 (z + ia ) 3 

7r 


= 7TZ 


{ 2 i a 

2 (i a) 2 } 

7r { (2i a) 2 

1 (27 a) 3 ) 

l(2ia) 2 

(2 ia) 3 j 

2a f ( 2i a) 2 

2 (21 a) 3 J 


Example 4.9 Compute 


+oo 


x 2 — 1 


c 4 + 5x 2 + 4 


dx. 


(a) The integrand 


z 2 — z + 2 


x 4 + 10x 2 + 9 


has a zero of second order at oo and its poles are given by 


z 2 = ~5± V25-9 = -5 ± 4, 


i.e. the simple poles are 

37, —3z, i and — i. 
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Improper integral, where the integrand is a rational function 


None of these lies on the x-axis. Since f(z) is analytic outside the poles and since we have the 
estimate 

I/O)| < t -^2 f or \z\ >4 og Im(» > 0, 

we conclude that 

f +co x 2 — x + 2 


x 4 + 10x 2 + 9 

z 2 -z + 2 


= 2tt < lim 


dx = 2ni {res(/; i) + res(/; 3i)} 
z 2 - z+ 2 


lim 


{ z—>i (z + i) ( Z 2 + 9) 2^3 i (z 2 + 1) (z + 3i) 

= ^{3-37 + 9 + 31-2} = ^. 


= 2-7T* 


—l — i + 2 —9 — 31 + 2 


2+8 


-8-6 i 


Alternatively, one may apply the traditional real method of integration, by using that we have 
proved that the integral exists. In particular, 


f + oo 


—x dx 


= 0, 


J _oo x 4 + 10a; 2 + 9 
because the integrand is an odd function. Then 


/ 


+oo 


+°° x 2 -x+ 2 

x 4 + 10x 2 + 9 _ 


(x 2 + 9) (a; 2 + 1) 

1 7 { 107T 57T 

~2A ~ 12 


, 1 f +cc dx 

dx = - 


x 2 + 1 


/ +oo 

-oo 


dx 


x 2 + 9 


= 7T <-- 

8 3-8 


(b) The difference of the degrees is 2 where the denominator is dominating, and the denominator 
is furthermore positive for every real x. Hence, the improper integral is convergent. Since the 
integrand is an even function, it follows by the symmetry, followed by an application of the residuum 
formula that 


+oo 


X 2 — 1 


^=i r 

x 4 + 5x 2 + 4 2 J _ m 


x 2 — 1 


= 7d < lim 


* 2 -l 


(x 2 + 4) (x 2 + 1) 
z 2 -l 


lim 


dx = 7 ri {res(/; i) + res(/; 2i)} 
-2 -5 


z^i [z 2 + 4) (z + i) z — >2i (z 2 + 1) (z + 2i) 

5 _ 71- 

_ 12 ' 


3-2 i (—3) • 4i 


12 3 

Alternatively we decompose: 

+oo 


x 2 — 1 


f + °° x 2 - 

1 

, 

2 

r + °° dx 

5 

r + °° dx 

c 4 + 5x 2 + 4 dx 


/o (x 2 + 4) (x 2 + 1) 

ax 

3 

Jo X 2 + 1 

+ 3 

Jo X 2 +4 

\ 2 A 

1 

5 . /xx 

+oo 

( 5 

2\ 

7r 7 T 



— Arctan x + 


■ - Arctan ( — ) 

— 


- 




3 

2 

3 V 2 7 J 

0 

V6 

3/ 

2 12 
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Improper integral, where the integrand is a rational function 


Example 4.10 Compute 
r+ °° dx 


(a) 


[ + °° dx r + °° 

J-oo x 2 + x + V U /_«, 


dx 


(. x 2 + 1 ) ( x 2 + 4 )' 


(a) The integrand ,.- has a zero of second order at oo and the poles 

v ’ z 2 + z+1 

z = -\ ±i ^Y^- 

Hence, the improper integral exists, and we may find its value by means of the residuum at 

1 Vs 

— — + i ~ 2 ~} he. the pole in the upper half plane: 


f+ oo 


dx 


= 2tt i • res 


z 2 + z+ 1 ’ 2 


1 V3\ „ 

-h % —— = 27t* hm 


+ — j+i 22 + 1 


= 2ni ■ 


2ni 2n 


— 1 + zy/3 + 1 iy/S VS 



Brain power 


^ inc 

\ 


By 2020, wind could provide one-tenth of our planet's 
electricity needs. Already today, SKF's innovative know¬ 
how is crucial to running a large proportion of the 
world's wind turbines. 

Up to 25 % of the generating costs relate to mainte¬ 
nance. These can be reduced dramatically thanks to our 
h/stems for on-line condition monitoring and automatic 
luo^jtation. We help make it more economical to create 
deanahdjeaper energy out of thin air. 

By shying our experience, expertise, and creativity, 
industries can boost performance beyond expectations. 

Therefore we need the best employees who can 
meet this challenge! 

T-he Power of Knowledge Engineering 


Plug into The Power of Knowledge Engineering. 
Visit us at www.skf.com/knowledge 
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Improper integral, where the integrand is a rational function 


Alternatively, the traditional computation gives 


r+ °° dx 

-oo X 2 +X + l 


+oo 


dx 



( 



x + A 


Arctan 

2 



/3 


. 

l V 4 ^ 

. 


+oo 


2tt 

3 ’ y/z' 


(b) The integrand 


1 


has a zero of order 4 at oo and the simple poles ±* and ±2 i 1R. 


(z 2 + 1) ( z 2 + 4) 

Hence, the improper integral exists, and its value can be found by means of the residues at the 
poles in the upper half plane. We get 


r*+oo 


dx 


{x 2 + 1) ( x 2 + 4) 

„ , 1 1 
= 2m 


= 27rz < res 


1 


2* • 3 (-3)4* 

Alternatively, 


{z 2 + 1) (z 2 + 4) 


7T< 3 6 f 6' 


; i +res 


(z 2 + 1) (z 2 +4) 


; 2i 


f + OO 


dx 


(x 2 + 1) ( x 2 + 4) 


1 f + °° dx 
3 7-00 X 2 + 1 

lb-') 

3 l 2 / 


r+oo 


dx 


3 7-oo x 2 


Arctan x -Arctan — 

2 2 


+oo 


7r 
6 ' 


Example 4.11 Compute 


(a) 


(a) Here 




dx 


x 2 + 2x + 2 


1 


(b) 


r*+o° 


dx 


z 2 + 2z+2 


x ( x 2 + 1) (x 2 + 2x + 2)' 
has a zero of second order at oo and simple poles a,t z = — 1 ± * ^ M. Hence, 


the improper integral is convergent, and its value can be found by a residuum formula. However, 
the easiest method here is actually the traditional one, 


r»+00 


dx 


/_! (I+ y+i =|Arct,n(i+i)K=T ' 


7-oo x 2 + 2x + 2 
For comparison we get by the calculus of residues, 


r» + 00 


dx 

—— -- = 2m ■ res 

x 2 + 2x +2 


2iri 


—-; —1 + * | = 27T* lim - 

z 2 z -|- 2 J z— z 1 i 

2iri 


-1 + i + 1 + * 


2i 
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Improper integral, where the integrand is a rational function 


(b) The integrand has a zero of order 4 at oo, and the simple poles ±i, — 1 ± i R, so we conclude 
that the improper integral is convergent, and its value is given by 


+ OO 


dx 


(x 2 + 1) (x 2 + 2x + 2) 


= 27 ri < res 


= 27ri < — 


(.s 2 + 1) (z 2 + 2z + 2) 
1 


; i + res 


(z 2 + 1) (z 2 + 2z + 2)’ 
1 1 


; -1 i 


2i —1 + 21 + 2 {(—1 + i) 2 + 1} • 2i 

1 — 2i + 1 + 2i 2n 
1 + 4 = ~5~‘ 


1 + 2 i 1-2 i 


Example 4.12 1) Explain why the improper integral 


+oo 


, (x 2 + 1) (x 2 + 4) 
is convergent, and find its value. 
2) Compute the complex line integral 
z 2 dz 

|»|=3 (z 2 + l) 2 (z 2 + 4) 


1) The integrand is a rational function with a zero of order 4 at oo and with no poles on the real axis. 
The poles are z = =ti (double poles) and z = ±2 i (simple poles), so the integral is convergent, and 
its value can be found by a residuum formula, 


C+oo 


J -oo (x 2 + l)(x 2 +4) 
Here we get straight away, 


= 2ni < res 


(z 2 + 1) (z 2 + 4) 


res 


(z 2 + 1) (z 2 + 4) 


; 2 i 


res 


(z 2 + lj (z 2 + 4) 
2z 


; i) = 1 Jim d 


1! z^i dz ( (z + i) 2 (z 2 + 4) 
2z 2 z 2 ■ 2z 


I™ ( ( Z + i) 2 (z 2 + 4) ( 2 + 7)3(~2 +4) {z + l)2{z 2 + 4) 2 

2i —2 (—1) • 2i 

" (2 i ) 3 ■ 3 _ ( 2'<) 3 ■ 3 _ (2*) 2 3 2 ““+3 + +3”!b4 

= — (—6 + 3 — 2) = — —, 

36 1 ; 36’ 


and 


res 


{z 2 + iy{z 2 +4) 


; 2 i } = lim 


-4 


4 i 


^(z 2 + l) 2 (z + 2i) (-3) 2 -4f 36’ 
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Improper integral, where the integrand is a rational function 


so by insertion, 

r+co x 2 dx 0 . f 5i 4i | o 1 7 r 

J-oo (x 2 + l) 2 (x 2 + 4) “ 7r *l _ 36 + 36j ’"'seals' 

Alternatively, we may first decompose to get 

u ABC 

H-- + 


(u+l) 2 (u + 4) u + 4 n +1 (u+1) 2 ’ 

Here we immediately get 


A = 


-4 


4 

9 


and 


C = 


-1 


(—3) 2 9 ~ 3 

Then by insertion, rearrangement and reduction, 

B u 4 111 

+ 


u + 1 


(it + l) 2 (zt + 4) 9 it+ 4 3(u + l) 2 

n * 7-TvtT-7T {9u A + l) 2 + 3 (u + 4)} 

9 (u + l) 2 (u + 4) 1 \ j \ n 

1 1 {4(zi + l) 2 + 12(rt + 1)} 

1 


9 (u + l) 2 (it + 4) 

4 u +1 + 3 4 


9 (u + l)(u + 4) 9 u + 1 

Then put u = x 2 to get 


r*+oo 


4 r + ° 
~ 9 J-oo 
4 1 ■ 
_ 9 2 . 
2tt 1 
”9 


{x 2 + 4) 

ax 

° dx 

4 

+ 9 

x 2 + 4 

Arctan ^ 

I)] 

Z'+OO 

dx 


/*+00 


dx 


_ 1 [ + °° 
x 2 + 1 3 /_ „ 


dx 


(x 2 +1 y 

+°° dx 


+ ^ [Arctan ^ ^ 

9 3 J_ x (x 2 + l) 2 


2 ’ 


3 7-00 (x 2 + l) 

We can now compute the integral 

r +co dx 
J-oo (x 2 + l) 2 

in a number of ways: 
a) We get by the calculus of residues , 
dx 


/ +oo 

-OO 


-oo (x 2 + ir 


= 2ni ■ res 


= 2-7T* lim < — 


(z 2 + l) 

2 


\ „ 1 d 

; '« = 2m ■ hm 

I 1' Z ^ 1 dz [ [z 


(z + i) 3 


= 27 xi ■ — 


(2*) s 


27 xi 


1 

+ W 

• (- 2 *) 


7T 

2 ' 
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Improper integral, where the integrand is a rational function 


b) Alternatively, we get by a partial integration 


r+0 ° dx 

-oo X 2 + 1 


X 2 + 1 

+ OO 


+oo ,+oo 2x . 


/ 


= 2 


da; 


-2 


-oo (s 2 + l)" 
+°° dx 


dx = 


L 


+°° 2 (a; 2 + 1) - 2 
-oo (a; 2 + l) 2 


dx 


/ 


+ 1 d-oo (x 2 + 1)" 


and then by a rearrangement, 


+oo 


dx 


_ 1 
2 _ 2 


/*+oo 


dx 7r 

x 2 + l = 2' 


/-oo (a; 2 +1) 

Finally, by insertion, 

f + °° X 2 27T 7T 7T 7T 

J- oo (x 2 + l) 2 (x 2 + 4) 9 6 18 ^ 18 

2) Since all pole lie inside \z\ = 3, and since we have a zero of order 4 at oo, we get by changing the 
direction on the path of integration, 


|z|=3 (z 2 + 1) (z 2 + 4) 


|z|=3 (z 2 + 1) {z 2 + 4) 


= — 2-7T i ■ res 


(.z 2 + 1) {z 2 + 4) 


oo = 0. 
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Improper integral, where the integrand is a rational function 


Example 4.13 1) Find all complex solutions of the equation 
z 4 + 5z 2 +4 = 0. 


2) Prove that the improper integral 



2x 2 — 1 

x 4 + 5x 2 + 4 dX 


is convergent, and find its value 


1) We get by the factorization 

0 = z 4 + 5z 2 + 4 = (z 2 + 1) (z 2 + 4) , 
the four roots 

i, —i, 2 i, —2 i. 


2) The integrand is a rational function with no pole on the x-axis and with a zero of second order 
at oo. Hence, the improper integral is convergent. Since the integrand is even it follows by a 
reflection and the residues at the singularities i and 2 i in the upper half plane that 


f + OO 


2x 2 - 1 


2ni 

2 


res 


— dx = - I 

4 2 J_ 

2z 2 - 1 
z 4 + 5z 2 + 4 
2z 2 - 1 


r+oo 


2x 2 - 1 


+ 5a; 2 
; ij + res 
2z 2 - 1 


■ dx 


2z 2 - 1 


5z 2 


; 2i 


ni { lim —5 -——h lim 

k z —n 4z 3 + 10^: z — 4z 3 + 10z 

1 —2 — 1 1 - 8-11 

i ' -4+10 + 2 i ' -16 + 10 \ ~ n \~2 


9 

16 


7r 
4 


Alternatively, the traditional method of decomposition gives that 


2x 2 -1 2a; 2 - 1 _ 1 3 

x 4 + 5a; 2 + 4 (a; 2 + 1) (a; 2 + 4) a; 2 + 1 x 2 + 4 ’ 

hence 



2z 2 - 1 
a; 4 + 5a; 2 + 4 


dx = — 



1 

a; 2 + 1 


dx + 



3 

a; 2 + 4 



3 7T 
2 ‘ 2 


7r 

4' 
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Improper integral, where the integrand is a rational function 


Example 4.14 Prove that the improper integral 

r + °° i+x 2 J 

/ .-t ax 

J-o o 1 + X 4 

is convergent, and find its value. 


We estimate the integrand for \x\ > 1 in the following way, 

2 


0 < g(x) := 


1 + x 2 


1 + 


1 + ( - 

X 


4 < ry.2 ' 


Since the improper integral f+°° — dx is convergent, the given integral is also convergent. 



Figure 7: The curve Cr for R > 1 and the singularities ± 


1 

71 


± 


i 

77 


We can now find the value of the improper integral as a Cauchy principal value via the residuum 
theorem. 

The denominator has the simple poles at the points 


ex p (f^+p|), pe{0, 1, 2, 3}, 


where the former two lie inside the circle of integration Cr. We get by a small computation 

1 1 + i 


res (g(z);z p ) = 


1 + Z P 

zf 


(! + ^ 2 ) = 


4 y/2 

1 -1 + i 
4 ’ s/2 


(1 + i), P=0, 

(1 -i), p= 1. 


Both residues are-=, so 

2^2 


r R 


2Tti--j==<js g(z) dz = f g(z) dz + j g (Re 1 *) ■ i Re™ dO, R> 1. 


Cr 


l-R 
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Improper integral, where the integrand is a rational function 


If R > 2, then we have the following estimate on Cr, 


\g{Re i6 )\ = 


R 2 


1 + — e~ 2it 
+ R 2 


1 -I- e~ 4it 

+ R 4 


1 


- i? 2 1 _ J_ i? 2 
R 4 


5 

4 

15 ' 

16 


It follows easily that the line integral along the circular arc tends to zero, when R —> +oo, so we 
finally get by taking this limit, 



1 + x 2 
1 + x 4 


dx = 


qaiteye 

Challenge the way we run 


EXPERIENCE THE POWER OF 
FULL ENGAGEMENT... 


RUN FASTER. 

RUN LONGER.. 
RUN EASIER... 





4- i 1 
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Improper integral, where the integrand is a rational function 


Example 4.15 Given the function 

and, for every R > 1 the dosed curve 7 r = I + II + III (see the figure), enclosing the domain 

27T 


U R = iz = 


0 < r < R and 0 < t < 



Figure 8 : The curve 7 r = I + II + III , enclosing Ur. Here, I = [0,1?] is an interval on the z-axis, II 
is the circular arc, and III is the oblique line. 


1) Find 


fdz. 


>7R 


2) Prove that the line integral along the circular arc II tends towards 0, when R tends towards + 00 . 

3) Prove that 


[ + °° 1 , 2tt 

/o ^+i dx ~3V^' 


1) The function f(z) = 
z 1 = - 1 , 


rq—- has the simple poles 
z 2 = exp (-i , 23 = exp (i . 


If R > 1, then only Z 3 = exp ^i — ^j lies inside 7 #, so it follows by the residuum theorem that 


7 R 


f(z) dz = 2 m ■ res (/; 23 ) = 2 m ■ ^ ■ y§ 

OZ% o Z 3 


27rz 

^ eXP V'3. 


01 ) 


27rz I 1 . y/3 

3 12 2 


3 -i 


'}■ 
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Improper integral, where the integrand is a rational function 


2) We get along II the estimate 


dz 


Hi 


z 3 + l 


1 2t r 

< —-• — R —> 0 for R —> +oo. 

R 3 — 1 3 


3) Along III we choose the parametric description 
27T N 


(f? — r) exp i 


G [0 ,R], 


so 


[ f{z)dz= f 
Jill J 0 


- exp l i 


2 tt 


o 1 + (R — r ) 3 exp(27rz) 


— dr = — exp ( z —^ 


Then by insertion and the limit R —> +oo, 




x 3 + 1 


f (v' 5 -*) = L/ w<fa = 0 + { 1 - exp (w)U 


dec 


a ; 3 + 1 

3 V3l / >+ °° dx V3 , , /' +00 dx 

-•)/ 


|2 * 2 


so by a rearrangement, 


r»+oo 


dx 


27r 


x 3 + l 3-S/3’ 


Remark 4.4 The integral can in fact also be computed by more elementary methods. We get by a 
decomposition, 


1 


1 


1 1 


3 — x 2 + x — 1 


x 3 + 1 (x +1) (x 2 — x + 1) 3x+l 3 (x 2 — x + 1) (x + 1) 


1 1 


x — 2 


1 


3 i+l 3 x 2 — x + 1 3 x +1 3 


X ~ 2 


hence 


p+oo 


dx 


r*+oo 


X 3 + 1 


In 


dx 1 
x +1 6 


x 2 + 2 x + 1 
x 2 — x + 1 


+°° 2 x -1 , 1 

*>-* + 1 ^+ 2 . 


p + OO 


dx 


X 2 


+oo 


J 0 


1 2 
2 ’ y/3 


-I +oo 


Arctan 


J o 


1 f 7T 

0 H- 7 = < —I- Arctan 

\/3 l 2 


V3 




27r 


v^l2 6 J 3^' 


0 . 
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Improper integral, where the integrand is a rational function 


Example 4.16 Given the function 


/(-) = 


z 4 + z 2 + 1' 

1) Find all isolated singularities of f in C, and specify their types. 

2) Prove by using the calculus of residues that the improper integral 


+oo 


X 4 + X 2 + 1 


dx 


is convergent of the value 


2 v / 3 


One may use that f(x) is an even function. 


1 ) First note that 

(z 2 - 1) (z 4 + z 2 + l) = z 6 -l=0 
for 

2 = exp (i y) , p£ Z. 

When we again remove the roots z = ±1 of the auxiliary factor z 2 — 1, we see that the simple 
poles are 


exp 


/. 7T\ 1 

, . y/3 


V3 ) ~ 2 


exp f , y j 




/ . 7T\ 1 

,V3 


exp r* 3/ = 2 

1 2 ’ 

exp (-7yj 


2) Since we have a zero of second degree at oo, and since we do not have any pole on the x-axis, we 
conclude that the improper integral is convergent. The integrand is even, so we get by an extended 
residuum theorem that 


+oo 


X 4 + X 2 + 1 


= i r 


2 / 

^ J —oo 


dx 


2ir 


x 4 + x 2 +1 

= t ri jres (f(z) ; exp (i ^ ) + res ^f(z) ; exp 
because exp ^i — ^ and exp fi — J are the only singularities in the upper half plane. 


Using the rearrangement 
^2 

m = 


z 4 + z 2 + 1 


1 (: 2 - 1 ) 
z 6 -l 
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we get 


res 




~- 2 (~~ 2 - 1 ) 

6 z 5 




g • exp(iTr) 



- 1 


1 

6 



T{3-*a/3}, 


and 


res 


(/(*); exp 




-1 


hence by insertion, 


r +oa x 2 7T i 

J 0 x* + x* + l = 12 


(-2*\/3) 


7T\/3 

nr 


7r 

2\/3' 
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Improper integral, where the integrand is a rational function 


Remark 4.5 Since 

z 4 + z 2 + 1 = z 4 + 2z 2 + 1 — z 2 = (z 2 + l) 2 — z 2 = (z 2 + z + l) (z 2 — z + l) , 

it is of course also possible - though not quite easy - to use the method of decomposition. This variant 
is left to the reader as an exercise. 0 


Example 4.17 Given the function 


/(*) = 


z 4 + r 


and for every R > 1 a positively oriented curve 


Fr = Ir + IIr + IIIr, 


(cf. the figure), which 
U R = {z = re it 


surrounds the domain 
0 <r<Rog0<t< 




( 7T 

Figure 9: The curve Tjj, starting with Ir = [0,1?] on the x-axis and with the singularity exp y, — 
inside the curve. 


1) Prove that 

L f{z)dz= ^ {i+i) - 


2) Show that the line integral along the circular arc II R tends towards 0 for R tending towards +oo, 
and find the value of 


r+oo ^2 


X 4 + 1 


dx. 
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1) The function /(z) has the four simple poles 

z p = exp + p|}) ’ pe{0, 1, 2, 3}. 

Of these only 

z 0 = exp (i 0 = (1 + i) 

lies inside Tr, when R > 1. Then by Cauchy’s residuum theorem , 


® f(z) dz = 27rires ( — r —- ; zn | = 27 n ■ — ^ 

Jt r V^ + l’ J 4z{ 


V 2 


2 7TI 1 

4zq 2 z 0 

7T i( 1 — l) 7T 


2 1 + i ^/2 


2-\/2 


(1 + i)- 


2) We use along the circular arc IIr the parametric description z(t) = Re lt , t £ 
the estimate for R > 1, 


°’2 


, so we get 


dz 


' Hr ^ 
when R —> +oo. 


P i? 2 „ , 7T 1 

< ' Wz-i~ Rdt = 


0 


/o 


^ i? 3 


Finally, we use along /Ur on the imaginary axis the parametric description z(t) = {R — t)i, 
t e [ 0 , 1 ?], giving 


dz = 


(l?-t ) 2 


(— i)dt = i 




Jiiir zA + 4 do (4? — ^) 4 * 4 + 4 Jo (4 + l 

Then by (1) we get by insertion and taking the limit R —> +oo, 


df. 


2\fi 

hence 


(i + i) = (i + 0 / 

Jo 


+°o ^2 


da;, 


f ' +CX> X 2 , 7T 

da; = 


a ; 4 + 1 


2 \f2 


Alternatively, we get by a decomposition, 


x 


x 


x 


x 4 + 1 


a ; 4 + 2 a ; 2 + 1 - 2 a ; 2 (a ; 2 + l ) 2 - (y^a ;) 2 (x 2 + V 2 x + l) (x 2 - V? x + l) 

ax + b cx + d 

+ 


(a ; 2 + \/ 2 x + l) (a ; 2 — \/ 2 x + l) ’ 


thus 


x 2 = {ax + b) (x 2 — x /2 x + l^j + (ca; + d) ^a ; 2 + y /2 x + 1 ^ 

= (a+c)a ; 3 + ( 6 —v / 2 a+d+v / 2 c)a ; 2 + (a—v / 2 ^+c+v / 2 d)a;+&+d. 
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Improper integral, where the integrand is a rational function 


By identifying the coefficients we clearly obtain that 
a + c = 0 and b + d = 0, 


so 


y/2 (—a + c) = 1, thus c = —a = 

v 2 


and b = d = 0. Hence 

x 2 1 

x 4 + 1 


V 2 


2 v / 2[x 2 ~v / 2x+l x 2 + V2x + l 
1 j 2x — y/2 \[2 2x + y/2 

4a/2 x 2 — x/2 x + 1 x 2 — y/2x + l x 2 + \/2x+l x 2 + \^2x+l 

1 f 2x-y/2 2i+V2 I 1 

\sf2\x 2 - y/2x + \ X 2 + V2X + 1\ + 4 


V 2 


V 2 


. 


Clearly, the improper integral / 0 +3 ° i 1 dx is convergent, and 


x 4 + 1 


lo 


+co x 2 , 1 

- dx = - 

x 4 +1 2 


r+°o x 2 


dx 


= — lim 


_o X 4 + 1 

1 f R ( 2x — y/2 


2 x yj~2 


dx 


2 >+oo 4 a/2 J-r x 2 — -\/2 x + 1 x 2 + \[2 x + 1 

\Fl Arctan 2 x — 1^ + a/ 2 Arctan (^2 x + 1^ 


1 1 

+ 2 ' 4 L 


-I +oo 


—— lim 

8\/2 R—*--\-oo 


In 


x 2 — a/2 x + 1 
x 2 + y/2x+ 1 


1 R 


J —R 


7r 7T 


4v / 2' ( ^ + ^ ) ° + 2v / 2 
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Improper integral, where the integrand is a rational function 


Example 4.18 Given the rational function 

cr \ z 2 ~h z -h 1 
f(z) = ,‘ + ?‘ + i- 

1) Find all the isolated singularities of f in C, and specify their types. 

2) Prove by calculus of residues that 

f +oa x 2 + x + 1 27t 

p.v. / ——— dx = 


x 4 + x 2 + 1 




1) First variant. If z / ±1, then 

z 2 + z + 1 (z + l)(z — 1) (z 2 + z + l) z 3 — 1 z + 1 1 

z 4 + z 2 + 1 = (z 2 - 1) (z 4 + z 2 + 1) ={Z+ ’' z^l = = z 2 -z + l’ 


and the simple poles are 

1 .\/3 , 

z\ = —F i — and 

2 2 


V3 


Zo = - l ■ 

2 2 
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Improper integral, where the integrand is a rational function 


Second variant. Obviously, z = ±1 are not poles. Now, 
(,s 2 - 1) (z A + z 2 + 1) = * 6 - 1 = 0 
for 


z = exp 


Of) 


for p G {0, 1, 2, 3, 4, 5}, 


and since we shall remove p = 0 and p = 3, because they stem from the auxiliary factor z 2 — 1, 
the singularities are 


Zi = 


22 = 


24 = 


eX P l * o ) = \ 


01 ) 


2 ’ 


exp ^z 
exp (i 


z 5 = exp z 


27T 

T 

47T 

T 

5n 


1 V3 
~ + 1 ~ 2 ' 
1 . \/3 

~ ~2 

1 . v/3 

“ 2 ~ l ^2' 


Each one of these is at most a simple pole, and they could even be removable singularities. 
Analogously, 

0 -l)(z 2 + z + l) = z 3 - 1, 

so since 2 = 1 is a “false” singularity coming from the auxiliary factor z — 1, the numerator 
has the roots 

1 x/3 , _ 1 . \/3 

2 2 = -- + z—, and z 4 = 

which will cancel the same zeros in the denominator. Thus 

1 x/3 , _ 1 sqrt3 

2 2 = -- + z—, and 2 4 = -- + z— , 

are removable singularities, while 

1 V3 , _ 1 . V3 

Zl = 2 +l T’ ^ Z5 = 2 ~ 1 ~2 ~’ 

are simple poles. 

2) The integrand is defined on 1R, and since the integrand has a zero of order 2 at oo, the improper 
integral is convergent, and we do not need the notation “p.v.” (= “principal value”). The improper 
integral can be computed in a number of ways. 

First method. By a simple integration (without using the calculus of residues) it follows from 
the first solution above that 


r*+°o 


x 2 + x + 1 

X 4 + X 2 + 1 


/»+00 


dx = 


dx 


r+oo 


dx 


x 2 — x + 1 


1 


x — 


2 

Vf] 


Arctan 


( 2 


V\/3 


x — 


2 

- +oo 


2 

+ 3 

27r 

vr 
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Improper integral, where the integrand is a rational function 


Second method. We shall in the calculus of residues use that only zi = — + i = exp ^ 
lies in the upper half plane and that z\ = — 1. Then 


/ 


+oo „2 


X + X + 1 
X 4 + X 2 + 1 


dx = 2iri res 


z+ 1 
^ 3 + l 


; z\ I = 2-7T i 


2 i + 1 

3 z 2 


2 tt i z\ + z\ 
~3 zF~ 


2 m r _ 2 ni / >/3 \ 27r 

= -- 3 - = vs- 

Third method. Calculus of residues without a reformulation gives the following difficult compu¬ 
tations, 


/ 


+oo J2 


X + X + 1 
X 4 + X 2 + 1 


dx = 2 iri res 


z 2 + z + 1 
2 4 + 2 2 + 1 


; Z! 


= 2ni 


. J + Z\ + 1 

4 z\ + 2z\ 


= 27T* 


1 . y/3 


22 + 21 + 1 
4 £3 + 2zi 

1 . \fi 


+ 1 


= 2m < - 


4(—1) 


1 




= 2 m • 


12 2 1 

1 + i\J 3 2 m 1 + i\J 3 


—4 + 1 + i\p& \/3 —\/3 + i 
2-7T i — -\/3 27r 

\/3 — \/3 + * x/3 



Deloitte 
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Improper integrals, where the integrand is a rational function times ... 


5 Improper integrals, where the integrand is a rational func¬ 
tion times a trigonometric function 

Example 5.1 The transfer function of a RC-filter is given by 

= 1 + 2t riRCz' 

Find the corresponding answer. 


The corresponding answer is given by the improper integral 


/ +oo 1 r+oo 1 

5SBc/.r=C^' fc - 

27 tRC 

Here, Z\ — -— is the only pole of the corresponding analytic function 

2ttRC 

f(z) = _ - _ . _ - _ 

n ’ 27 riRC _ j ’ 

Z 2t tRC 


and it is obvious that there exist constants fc, and r > -—, such that we have the estimate 

2nRC 


l/(*)l < A for \z\ > r. 

M 

Since f(z) does not have any singularity in the lower half plane, we conclude from the corresponding 
residuum formula, which here is empty that 


/ +oo 1 r+oo -r 

f{x) e 2vixt dx = 0 / -r- e i 2 irxt dx = Q for t < 0. 

-oo 2ttiRC J_ oa _ i 

27 tRC 

If instead t > 0, then, since we have already checked the assumptions of the validity of the residuum 
formula, 


h{t) = 


+oo 


/ 0 )< 


27 ri 

2 ?riRC 


res 


z — 


2nRC 


2 t tRC 


1 

RC 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.2 Compute the improper integrals 


+ OO 


X COS X 
X 2 + 1 


dx 


og 


/ +oo 

-oo 


xsmx 

X 2 + 1 


dx. 


Here we must consider the analytic function 


ze 


z 2 + 1 ’ 


for 2 yf ±i, 


z cos z z sin z . 2 ; 

instead of ,, -and „-. Clearly, the rational function „-has a zero of hrst order at 00 and 

z 2 + l z 2 +1 z 2 +1 

no pole on the X-axis, so the assumptions of the residuum formula are fulfilled. Since m = 1 > 0, the 

pole z = i in the upper half plane is the only relevant singularity. Hence by the residuum formula, 


+ OO 


xe 7 ^ . ( ze** . , . 

—- dx = 27 xi • res —-; i = 2 in 

x 2 + l \z 2 + l j i + i 


Then by separating into the real and the imaginary parts, 


r»+oo 


xcosx 


dx = 0 


og 


r*+oo 


x sin x 7 r 

——- dx = —. 
x 2 +1 e 


Example 5.3 Compute 

f*+00 


f 

(a) / 

J — 


x smx 


x* 


dx. 


r+00 

(&) / 

Jo 


COS 7T £ 


da;. 


(a) Here 


is a rational function of real coefficients and with a zero of first order at 00 . The 


x 2 + 9 

denominator does not have real zeros and 


C 


9 


< —r for \z\ > 4, 
\z\ 


so we conclude that the improper integral is convergent. Using that 
sin x = Im {e i Vx ) , 

where 1 > 0, it follows by the residuum formula that 

/•+OO 


/ 

J — c 


x smx 
a; 2 + 9 


dx = Im < 2ni ■ res 


z e 


z 2 + 9 


3i ) > = 2 tt Re < lim 


z e 


z—>3i z + 3i 


= 27rRe 


-3 


3* e 
3* + 3 i 


= 2tt 


3 e 


-3 


7 r 
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Improper integrals, where the integrand is a rational function times ... 


(b) Here —- — has a zero of fourth order at oo and no poles on the x-axis. Hence, the integral is 

COS 7TX 

convergent. Since —- is an even function, it follows by the symmetry and a residuum formula 


that 

r+°o 

Jo 


COS 7 TX 


dx = - 


r+ “ = 1 (Re) 


= 7 rz < res 


x 4 + 4 

An tz 


/*+oo g inrx 


■; 1 + i ) + res 


dx 


■; —1 + i 


4 z 3 


- z=l-\-i 


4z 3 


-Z——1+Z 


ze L 


4 z 4 


7 Tl 

4 ■ (— 


• {(1 + i)e^~ 1+ ^ + (-1 + = ?le-”. 2 i=-l 


- z—l-\-i 
7 Tl 
16 


4z 4 


J z?-l+i 


Example 5.4 Compute 

/» + OO 

(a) 


cos a; 


/ o (1 + x 2 ) J 


dx. 


(b) 


+oo 


cosx 


(1 + x 2 ) (4 + x 2 ) 


dx. 


(a) We see that 


1 


has a zero or order 6 at oo and no real pole. Hence the improper integral 


(1 + x 2 ) 3 

exists. The integrand is an even function, so by the symmetry, followed by an application of a 
residuum formula, 


f* + 00 


/„ (TtW ,ic = 5 (Re) . 


• 1 d 2 

= 7TZ • — lim 


/»+oo 


(1 + x 2 ) 3 

7T7 d 

= — lim — 


dx = iri ■ res 


2 ! z — >i dz 2 \ (z + i ) 3 j 2 z— >i dz \(^ + i ) 3 {z + i ) 4 


(1 + z 2 ) 
3 e iz 


; i 


—e 


6 i e l 


12 e 1 


7 Tl 

= — lim -v . . „ . . . i . . _ 

2 z >i, \(2 + f ) 3 (z + i ) 4 {z + if 


6 * e 


( 2 i ) 3 ( 2 i ) 4 


27 xi 
4(2 if 


- { —( 2*) 2 — 6 z • ( 2 i) + 12 } = 


12 • 


dk{ 4+12+12 > = ^- 


(27)5 


(b) We get by a decomposition that 
1 11 


1 


1 


(l + x 2 )(4 + x 2 ) 3 x 2 +1 3 x 2 +4’ 

so it follows immediately that the integral is convergent. Then by the residuum formula, 

/* + °° 1 /*+00 1 f‘-\-OQ 


cosx 1 /'+ 00 

(1 + x 2 ) (4 + x 2 ) = 3 


cos x 1 

—=- ax - 

x 2 +1 3 


cosx 


dx 


If ( e lz 

_ Re 2 „. res i_ 


If / e ls 

-3 Re r"T es (?ru 2i 


- Re < 27 tj • —— > — — Re < 27ri • —— > = - --— • r = —r (2e — 1). 

3 1 2i I 3 1 4i 1 3 e 3 2e 2 6 e 2 v ; 


74 

Download free eBooks at bookboon.com 

















































Complex Funktions Examples c-7 


Improper integrals, where the integrand is a rational function times ... 


Example 5.5 Prove that 


+ OO 


cosx 

1 + X 2 


dx = 


+oo 


cos x 7 r 

- 77 dx = —. 

(1 + x 2 ) 2 e 


Clearly, both integrals are convergent, and we can apply the residuum formula. Thus 


r*+oo 


COS X 
1 + X 2 


dx = Re 


f+oo gix 


X 2 + 1 


dx > = Re < 27ri ■ res 


z 2 + 1 


= 2n Re < i 


a -i 


2 i 


7T 

5 

e 


and 


f + OO 


COSX 


f*+oo 


(i +x 2 r 


dx = Re 1 


{x 2 + 1 )^ 
= 27r Re i ■ — lim — 


dx > = Re < 27 tj • res 


= 27t Re < i 


1 ! z—>i dz \ (z + i) 2 
- 1 2 e -1 


(2 i) 2 (2 ty 


= 27r Re <, i 

-l 


(7 2 + l)' 
i e l 


; i 


2 e l 


{z + i) 2 (z + i ) 3 


= 27t Re 


2 e“ 


8* 2 


2tt (1 1 


7T 

e 


SIMPLY CLEVER 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.6 Compute 

p+oo 


f 

(a) / 

J —< 


X cosx 
x 2 — 2x + 10 


dx , 


/ +oo 

- oo 


x smx 


x 2 — 2x + 10 


dx. 


It follows from 


+oo x e ox 


■ dx = 


x 2 — 2x + 10 

that it suffices to prove that 

x e lx , 

■ dx 


+oo 


X cosx 


f*+oo 


x 2 — 2x + 10 


dx + i 


x smi 


x 2 — 2x + 10 


dx, 


+oo 


x 2 — 2x + 10 
exists and to find the value of this integral. 

z 

We see that ---— has a first order zero at oo and simple poles at z = 1 ± 3* d M hence the 

z^ — 2 z + 10 

improper integral exists. Since m = 1 > 0, we can compute the integral by a residuum formula, 


/ +oo 

-oo 


x e' 

x 2 — 2x + 10 


, / ze“ ^ \ ze" 

dx = 27 n ■ res —--— ; 1 + 3i = 2m iim -— 

\z 2 — 2z + 10 J z^i+3i z - 1 + 2,1 

Cl 4 . 3 7 ''|p i ( 1+3i ) 7T 

= 27 ii ■ ---= — (1 + 3i)e~ 3 {cos 1 + i sin 1}. 

oi 3 


Then by a separation into the real and the imaginary part, 

( a ) 

/»+oo 


X COSX 7T 

7 .— -— dx = —7 (cos 1 — 3 sm 1), 

x 2 — 2x +10 3e 3 v 


(b) 


f + OO 


X smx 7 7T . . _ 

^-2» + 1 0 <fa,= 3g (3COel + Bllll) - 


Example 5.7 Compute 

c*+oo 


f 

(a) / 

J — 


x smx 


x 2 + 4x + 20 


dx, 


( 0 ) / 


+°° dx 
1 + x 2 


(a) The function 


z 2 +4z + 20 
—2 ± 4z ^ R, 

so by a residuum formula, 


has a zero of first order at 00 . The poles are 


p + OO 


x smx 


x 2 + 4x + 20 


dx = Im 


p + OO 


x 2 + 4x + 20 


dx 


= Im < 27 tz • res 


2 e 


z 2 + 4z + 20 


—2 + 4z ) > = 27 t • Im < i ■ lim 


2 —>-2+4i z + 2 + 4i 


(-2 + 4i)e i( -~ 2+4i '> 1 7 r 

= 27t ■ Im ^ i ■ -—-> = ^—4 (2 cos 2 + sin 2). 


8 i 
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Improper integrals, where the integrand is a rational function times ... 


(b) We have of course, 
r+°° dx 


1 + X 2 


= [Arctan ]I“ = tt. 


Alternatively, it follows by a residuum formula that 


f + OO 


dx 


1 + x‘ 


= 2ni • res 


1 + z 2 


2ni 


i = 2ni lim- : = ^ r. 


z^i Z + l 


2 i 


Example 5.8 Prove that 



cosx 

—-— dx = 

cosh a; 


7T 


cosh 


7T ' 
2 


Hint: Integrate the function 
and let R —► +oo. 


cos z 
cosh;? 


along a rectangle with the corners —R, R, R + ni and —R + 7n, 



4 




3 

2 

\ 

1 

' 


4 2 0 

2 4 


Figure 10: The curve with the singularity zq = i — inside C v . 


We shall use the hint, so we call the curve Cr. It follows from 

7T 

cosh 2 = 0 for z = i — + ipir , p £ Z, 

7r 

that 2 = * — is the only singularity (a simple pole) lying inside Cr for every R > 0. Hence by Cauchy’s 
integral formula 



cos 2 

—-— dz = 2m ■ res 
cosh 2 


cos 2 
cosh 2 



= 2ni ■ 


cosh ^ 
W 

i sm— 


= 2i r cosh —. 

2 
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Improper integrals, where the integrand is a rational function times ... 


On the other hand 
cos 2 


C R cosh 2 


dz = 


cos x 


l_ R cosh x 


dx — 


cos (2 + in) 


l_ R cosh (2 + in) 


dx 


+i 


L 


cos (R + iy) 
0 cosh(i? + iy) 


dy - i 


f* cos (—R+iy) 
'o cosh (—R + iy) 


dy. 


We first note that 

f R cos(* + in) 


f R cos x ■ cosh 7 t — i sin x ■ sinh 7r ^ 
_ R cosh (2 + in) J_ R cosh x ■ cos n + i sinh x • sin 7r 


= cosh i 


= cosh 7 


’-R 


cos x 
cosh x 


dx — i sinh 7r 


l-R 


sin x 
cosh x 


dx 


l-R 


cos x 
cosh x 


dx + 0, 


because the latter integral has an odd integrand. Summing up we get for the first two terms, 


cos x 


l_ R cosh x 


dx — 


f COS (2 + *7r) , . f 

/ --— dx = (1 + cosh 7r) / 

J_ R cosh (2 + m) J_ 


cos 2 


_ R cosh 2 


dx. 


Clearly, this integral is convergent for R —> + 00 , because the numerator of the integrand is bounded, 
and its denominator tends exponentially towards 0 by the limits 2 —> ± 00 . We only have to show 
that the contributions from the vertical axes tend to zero for R —> + 00 . It follows from 

cos (R + iy) cos R ■ cosh y — i sin R ■ sinh y 
cosh(i? + iy) cosh R ■ cos y + i sinh R ■ sin y' 

when 0 < y < n that 


cos (R + iy) 


cosh (R + iy) 


< 


cos 2 R ■ cosh 2 y + sin 2 R ■ sinh“ y cos 2 R + sinh 2 y 
cosh 2 R ■ cos 2 y + sinh 2 R ■ sin 2 y sinh 2 R + cos 2 y 
1 + sinh 2 n cosh 2 7r 


sinh 2 R 


sinh 2 R 


The length of the path of integration is n, so we conclude that 


f 7 ’’ cos (R + iy) 
1 0 cosh(f? + iy) 

Since also 

cos (-R + iy) 


dy 


< n ■ 


cosh 7r 
sinh R 


for R —> + 00 . 


cosh (—R + iy) 


< 


cosh7r 
sinh R ’ 


it follows in the same way that the latter integral tends to 0 for R —> + 00 . Summing up we get by 
this limit, 


/ +00 

-00 


COS 2 7T 

—-— dx = 2n cosh —, 
cosh 2 2 


and since 


1 + cosh 7r = 1 T |2 cosh 2 — — 1J- = 2 cosh 2 


2 ’ 
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Improper integrals, where the integrand is a rational function times ... 


we finally get that 



cosx 

—-— ax = 
coshx 


i 7T 

27r cosh — 


2 cosh 2 ^ 


7T 

cosh 


7T ’ 
2 


Example 5.9 Compute 


(a) 


+oo 


cosx 


■4’ 


p sin 2 , 

£ 2 +£+1 


The denominator is in both cases a polynomial of degree grad 2 without zeros on the x-axis. The 
numerators are purely trigonometric, so we get by a residuum formula, 

( a ) 



cos a; 
x 2 + 4 


dx = (Re) 



—77 -- dx = 27r* • res 

x 2 + 4 




e*' 2i 0 . 7 T 

IT ' 7r * ~ 2c 2 
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Improper integrals, where the integrand is a rational function times ... 


(b) 


r+ °° sin 2x 


x 2 + x + 1 


dx = Im 


r+oo g2 ix 


X 2 + X + 1 


dx 


= Im 


127rz • res ^ 


z 2 + z+ 1 ’ 2 

„2 22 : 'I 


1 , .73 
* 2 


= Re < 27 t lim 


z->-i+i 2z + 1 


Re < 27 t ' 


gi(-l+i%/3) 

-l + *73 + l 


= Re | ^ - 


27r 

ITT 


27T 


=-7= e 

73 


-\/3 


sin 1. 


Example 5.10 Compute 


(a) 


+ °° x 3 sin x 


x 4 + 1 


dx, 


(ft) 


r+oo 


x cos 3x 
lo (x 2 + l) 2 


dx. 


The integrands are in both cases even functions, so they may be extended by symmetry to all of R. 
Furthermore, the difference of degrees of the numerator and the denominator of the rational function 
of the integrands is at least 1, where the denominators are dominating, so the integrals are convergent, 
and we can find their values by a residuum formula. 

(a) The zeros of the denominator are determined by z 4 + 1 = 0, so 

0 = ±—= ± i — 

72 72 

and we get 


/o 


+ °° x 3 sinx , 1 

—-— dx = — 

x 4 + 1 2 . 


+ °° x 3 sin x , 1 

—-— dx = — Im 

x 4 +1 2 


= — Im ^ 2ni 


res 


— OO 

Z 3 e iz 


— _L) 

^ 4 + i ; 72 + 72 ) 

Let Zq be any pole. Then Zq = —1, and 


r+°° x 3 e ix 


X 4 + 1 


dx 


- res 


z 3 e iz 1 


1 i \ 

z 4 + i ;- 7 i + vijj 


z 3 e iz 


reS[ z^l' Zo ) = 4 zS 


3 „iz 0 


z 0 e 


hence by insertion, 


r+oo x 3 s ; n x 


. „ dx = 7r Im < i ■ - exp i 

x 4 +1 I 4 11 


^ Im { i .e xp (--L).I 


72 + 72 / 


+i 'i exp ('(” 7 i + 7 v 


exp (7 ; exp Rv^ 


7r / 1 

= — exp- 7= I COS , .— i . 

° 72 J V 72 J 
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Improper integrals, where the integrand is a rational function times ... 


(b) Here z = i is a double pole. It lies in the upper half plane, so we start by computing its residuum: 

2 ze 3iz Ziz 2 e 3iz 2 z 2 e 3iz 


res 


Z 3 e 3 iz 

> 2 + l ) 2 


; * | = i lim d 


z 2 e 3lz 


= lim 


1! dz { (z + i) 2 J z^i\(z + i) 2 (z + i ) 2 (z + i) 3 


2 i e 


-3 


3*(-l)' 


3 —3 


2 (— 1 ) 


,-3 


o~3 


( 2 i) 2 ( 2 i) 2 (2if 

Then by the symmetry and the residuum formula, 

/■+oo x 2 cos % x i r+°° x ? cos 3a: , 1 

ax = - -ft ax = — Re 


/ o (x 2 + 1 y 


(. x 2 + iy 


1 


= - Re < 2iri ■ res 


z 2 e 3lz 

> 2 + l f 


—4z + 6 z — 


2 (— 1 ) 


1 

2e3' 


r +oo x 2 e 3 ix 


(x 2 + 1 )^ 


dx 


i r i 

= 2 Re 


7T 

2 eP* 


Example 5.11 Compute 

/*+oo 

(a) 


x sinx 


dx, 


(b) 


/* + 0 O 


smx 


da;. 


o (a ; 2 + 1) (a : 2 + 4) ’ ./-oo x 2 + 4a; + 5 

In both cases the integrand satisfies the assumptions for the application of the residuum formula, 
(a) First we get by a decomposition, 

1 _ 1 1 11 
(a : 2 + 1) (a : 2 +4) 3 i 2 + l 3 i 2 +4 

The integrand is even, so by the symmetry, followed by an application of the residuum formula, 


+oo 


x sin x 1 

- f] T = — 

0 Or 2 + 1) (x 2 + 4) 2 


/ +oo 

- oo 


x smx 


\ /*+°° 

6 


f 


x sin x 1 

-wxi dx -i 


— OO 

+oo 


(a ; 2 + 1) (a ; 2 + 4) 
x sin x 


dx 


1 T f„ ( ze lz . 

= - lm < 2m ■ res —^ ; z 

6 I \z 2 + l , 


= - Re i res ( 

3 I W 2 + 1 


dx 


— — Im ^ 27 tz • res 


ze 


; + 4 ’ 


2 i 


- > 


; i j — res 
2 i e*' 2i 


ze 


^ I e 

2i + 2i\ 3 1 2 


2 i 

-l 




(b) The poles are z = —2 ± i, of which only zq = —2 + i lies in the upper half plane. Then by the 
residuum formula, 


r»+oo 


smx 


, ,, , r dx = Im < 27 tz res ( —— —- ; -2 ■ 

/_oo a; 2 +4a;+5 \ \ (z+2+i)(z+2- 1 ) 


= Im < 2m 


0 i(-2+i) 


—2 + i T 2 T i 


(Im { 


7 r e 


-27-1 


-1 7T . 

} =-sin 2 . 

J e 


81 

Download free eBooks at bookboon.com 



































Complex Funktions Examples c-7 


Improper integrals, where the integrand is a rational function times ... 


Example 5.12 Prove that 

■ dx = 7T e~ a for a > 0. 


+oo giax 


X 2 + 1 


The claim is trivial for a = 0, because 

/* + 00 -I 

1 ’ r . i+OO _ 


■ dx = [Arctan = 7 r. 


If a > 0, then the assumptions of using the residuum formula are satisfied, so 


+oo ^iax , e ». 

dx = 27r i ■ res 


x 2 + 1 


z 2 + 1 


i = 27rt 


i + i 


Remark 5.1 If instead a < 0, then we get by a complex conjugation and an application of the first 
result that 


+oo giax /*+oo g—iax _ 

dx= —-- dx = 7 r e _ ( _a ) = 7 r e a = 7 r e”^ a L 


X 2 + 1 


so we have in general that 


x 2 + 1 


p+oo ^iax 


X 2 + 1 


dx = ne oC 


Example 5.13 Prove that 


r»+oo 


cos x 7 re 

dx = - 


aH + a 2 


for a > 0 . 


The conditions of convergence of the improper integrals and the legality of the application of the 
residuum formula are fulfilled. Then by the symmetry, 


r»+oo 


smx 


dx = 0 , 


so 


f» + 00 


COSX 


dx = (Re) 


e‘~ / e 

-o dx = 2m ■ res „-^ 

a ; 2 + a 2 V ~ + a 


; i a = 27tj ■ 


2 ia 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.14 Compute for a, b £ 




/ +oo • /»+oo 

<*>L 


cos ax 

x 2 + 6 2 


dx. 


In both cases the conditions of convergence of the improper integrals and the application of a residuum 
formula are fulfilled. Hence, because a, b > 0, 

( a ) 


r +oo 


x sm ax 


b 2 


dx = Im 


r+°° xe iax i T i ze- 

—s- ttt dx > = Im < 2iri lim 


x-*ib z + ib 


= Im < 27ri 


ib e 


—ab 


2 ib 


= 7re 


— ab 


(b) 


r+0 ° cos ax , , / >+0 ° e iQX , „ e iaz „ e" 06 tt 

--y da; = (Re) / ^ dx = 2m lim -- = 2m ■ —— = — e 

x 2 + b 2 1 ™ x 2 + b 2 z^ib z + ib 2ib b 


—ab 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.15 Prove that the integral 

r+oo 


x smx 


dx 


/+oc 1 + x 4 
is convergent, and find its value. 


We have an improper integral, where the integrand is a product of sin x and a real rational function 
without poles on the x-axis and with a zero of third order at oo. From this we conclude that the 
integral is convergent, and its value is given by the residues at the poles in the upper half plane of the 

z e iz 

function -—— 7 . We have more precisely, 


1 + z 4 


r*+oo 


x smx 

1 + X 4 

27t Re 


dx = Im < 2 - 7 T* 


res 


ze 


res 


z e 


7 + 1’ V2 


1 + i 

t+T ; 

l + i\ f ze 

res 


res 


ze iz -1 + i 

t+T ; ~vT 

-1 + i 


r 

r z 2 1 


r + 1 

I 

27rRe < 

- — e iz 

+ 

e iz 

I 


4 

l+i 

4 

-i+i I 

t 


n/2 


V2 > 


z 4 + 1 ’ V2 


7T „ 

=-Re 

2 


7T „ 

-Re 

2 

7T .__ 

-Re 

2 


1 <, exp 

1 exp 


■7)' exp (7)‘ exp 

1 

'71 


1 

"71 


1 exp 1 


■ exp 


= 27t Re | 
1-1 - i 


72 


■72 


2 i sin 


72 


= 7 rexp 


7 ) “(75 


4z 3 


i+i 

</2 


—i exp 1 


4z 3 

-1 + i 

~7T 


-l + i 
V2 


Example 5.16 Prove that 

/*+oo 


cosx 

1 + X 4 


dx = 7 r exp — 




1 

71 


We first note that the integrand /(x) = cos x • —~—4 

factor - 7 has a zero of order 4 at 00 . Since - 

1 + x 4 _ 1 + x 

value of the integral by a residuum formula. 

Now 1 + z 4 = 0 for 


does not have poles on the x-axis and that 
is a real rational function, we can obtain 


the 

the 


z = exp I 


(‘{ 77 })- peZ ' 


so we get by the residuum formula, 


r*+oo 


dx = Re 


cosx 
1 + x 4 

Re I 27 ri i res 


/*+0O 


1 + x 4 


dx 


1 + z- 


exp 0l)) +res (iT7 ; exp 
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Improper integrals, where the integrand is a rational function times ... 


All poles zq with Zq = — 1 are simple, so by Rule II, 


res 


1 + 2 ' 


; +) = 


e lz ° z 0 e lz ° 


±4 4 -o 


o %z 0 


Finally, 


exp (*0 = ^ (! + *) og exp^i^^j =-F(-l + i), 


hence by insertion, 

+oo 


/ 


cos a; 
1 + x 4 

= Re 


dx = Re 


Jhri, -4jU^ +< vfJ eV1 " vl + l-v5 +< vf ,e " ^ 


7 Tl 

y 


e ' /_ V 2 . __ { (1 _|_ j) e l v's -|- + i)e 1 


= Re 
= Re 


771 e +5 {(e+a - e ^ + i ( 


e V2 + e V2^) | 


2 a /2 

7T* _A_ f . 1 „ 1 

-= ■ e • < 2 a ■ sm — 7 = +i -2 cos — = 

2-\/2 l V 2 x /2 


= Re 


■■ , 1 . 1 1 1 

7T e v^2 . ^ —_ sm —= H-= • cos —= 

a /2 y/2 V2 


_ 1 7T 1 7T 1 / 7T 1 

= ire ^ <sm — 7 = • cos — + cos —= • sm — > = 7r e ^ sm - H-7= . 

42 4 V2 4 J V 4 \/2, 


Alternatively and slightly shorter, 


p+oo 


cosx 

1 + X 4 


dx = Re 


2 th I -- 


){ 


7 — 2 —^-;= , 7' AZL —2, —= — 

e ‘ - e vs V s + e 4 e vs 


k V2 | j 


= Re 


— • e V 2 /e l 4 e*V 2 ^e l 4 e*v 3 

L 2 i l 


*}] 


= Re 


7 r e 


-73 . — J e i ( 4 + vs) - e K^ + vs) 


2 i 


PH . 7T 1 
7re vs sm —I- -= 


4 V2j' 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.17 Prove that the improper integral 

/ +oo sin (x + — ) 

_A_ 4J_ _ j 

-oo (x 2 + l)(x 2 + 4) 

is convergent. Then find the value of the integral. 


Since 


sin (x + ^ = -^= (sin a; + cosx), 


and since 


V2 
1 


, _ . , _ —r is a real and even rational function with a zero of order 4 at oo and with 

(x 2 + 1) (x 2 + 4) 

no pole on the x-axis, the improper integral is convergent, and we can find its value by a residuum 
formula, where we use that the integral of an odd function over a symmetric interval is 0, 


r+oo Sill 


in(l + j) *= 1 


(x 2 + 1) (x 2 + 4) y/2 

cosx 


/»+oo 


smx 


P + OO 


(x 2 + 1) (x 2 + 4) 


dx - 


cosx 


1 ^+oo 
= 0 H- 7 = 


(x 2 + 1) (x 2 + 4) 
1 1 


t 1 m 1 f + °° ix f 1 1 

V2 7-00 (x 2 + 1) (x 2 + 4) dX= ^ (Re) 7-00 l 3'72 + 1 ~ 3 ' ^+4 

(2e — l)7r 


dx 

dx 


27 ri | / e“ 

res 


; i — res 


; 2 i = 


3x/ 2 l \z 2 + l’ J \z 2 + 4' Jj 3y/2 { 2 i 
Alternatively we may carry through the following computations, 

0( i+ i)) 


4i 


6y/2- 


L 


+oo sin 


in (x + v ) /*+°° ex P I 

V 4 ' dx = Im 


dx 


= Im 


(x 2 + 1) (x 2 + 4) 7-00 ( X 2 + 1) (x 2 + 4) 

e*( z +*) \ ( e 7 2+ 5) 


127 ii res ^ 


(^ 2 + l) (z 2 +4) ’ 


res 


(z 2 + l) (z 2 + 4) ’ 


2i 


It follows from 

( e 7 2 + 5) 

res 


; i = lim 


*(*+?) 




(z 2 + l) (z 2 +4) I z^i (z+i) (z 2 + 4) 2i • 3 


6 i 


e s 


and 




res 


(z 2 + l) (z 2 +4) ’ 


2 i = lim 


=+( 2 +l) 


A^+l) _ e -2 


z^ 2 i (z 2 + l) (z + 2i) — 3 • 4i 


12 i 


that 


r+oo sin 


7 a) 


(x 2 + 1) (x 2 + 4) 


dx = 


Im •< 27T7 
Im 


,-i 


e 2 \ 1 + i 


6 i 12i 7 \/2 

7r • (2e — 1) 1 + * | (2e — 1)7r 

6e 2 s/2 J 6^2 ■ e 2 ' 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.18 Given the function 


/(~) = ,4 


Z 

0 4 T4' 


1) Find the singular points and their types in C U {oo} for f(z). 

2) Find the value of the following two complex line integrals, 

(a) (f f{z)dz, ( b ) (f f(z)dz. 

J Is—41=2 J lzl=2 


'l*-4|=2 

3) Prove for every uj > 0 that 

,+oo f 


. e lult dt = — e “ (cos a; — sinw). 
f 4 + 4 2 v ’ 



1) Clearly, 2 : = 00 is a removable singularity (a zero of second order). 
The denominator z 4 + 4 has the zeros 


1 + i, -1 + *, -1-i, 

These are all simple pole of f(z). 


1 — i. 


2) a) Since there is no pole of f(z) inside the circle \z — 4\ = 2 (cf. the figure), it follows from Cauchy’s 
integral theorem that 

f(z) dz = 0. 

|z-4|=2 

b) All singularities of f(z) lie inside the circle \z\ = 2, and 2 = 00 is a zero of second order. Hence, 
by reversing the direction of the curve, 


/ f{z) dz = — (j) f(z) dz = —2Tri ■ res(/; 00 ) = 0 . 
J |z|=2 J \z\=2 


' 1 * 1=2 


87 

Download free eBooks at bookboon.com 











Complex Funktions Examples c-7 


Improper integrals, where the integrand is a rational function times ... 


Alternatively, the residuum in a general pole zq, for which = —4, is given by 



3) Since the integrand has a zero of order 2 at oo, and since there are no real singularities, the 
improper integral exists, and when ui > 0 its value can be found by the residues in the upper half 
plane, 


+oo 


t A 


+oo 


t 4 + 4 


e lut dt = 2ni < res 


; 1 + i I + res 


= 2iri < lim 


lim 


z—>l+i 4 Z 3 z-t—l+i 4 Z 3 


77 ' 1 ~ i 1 + i 


z 4 + 4 
e" 


-1 + i 


27 n f e iw(1+i) 


2 

7T -a, . 

-e -7 


2 i 


■ l ~ l • 


1+2 — 1+2 
7T7 1 

^ — LO (ILO ' IUJ s-.— IOJ ■ — VjJ I 

= —e ■-{e -ic -e -«e j 


= — e “ • (cos a; — sinw). 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.19 (a) Given m > 0. Prove that the improper integral 

/*+oo 


(3) 


2*2 gimx 


dx 


_ Q x A + 6a; 2 + 25 
is convergent, and find its value. 

(b) What is the value of the improper integral (3), when m < 0 instead? 


(a) Clearly, 


has a zero of order 2 at oo, and the denominator is > 25 for every ifR. 


x 2 + 6x 2 + 25 

Hence, the improper integral is convergent, even for every m € R, and when m > 0 we can find 
the value by a residuum formula. When the denominator is put equal to zero, 

2 4 + 6z 2 + 25 = (z 2 + 5) 2 - (2 z) 2 = 0 

we get 

z 2 = -3± V9^25 = -3 ± 4 i = (±1 + 2 i) 2 , 
so we have four simple poles, 

1 + 2 i, -1 + 2 i, 1-2 i, -1-2 i, 
of which only the former two lie in the upper half plane. Hence, for to > 0, 


r+oo ^2 gimx 


x 4 + 6x 2 + 25 


dx = 2ni < res 


z 4 + 6z 2 + 25 1 1 -l_ 2l ) + 1Ch V- 4 + 6z 2 + 25 


, —1 + 2 i 


= 2ni < lim — - -b lim — - - 

{z->l+2i 4z 3 + 122 z->-l+2i 4z 3 + 122 

_t ri f (1 + 2i)e im ( 1+2i '> ( (-1 + 2i)e im ^ 1+2i '> 
" ~2 
7 xi 


2iri 


z e 


z e 


lim —=-1- lim 

z—>l+2z 2 +3 z—> —l+2z 2 +3 


1 — 4 + Ai + 3 1 - 4 - 4i + 3 

= ^ {(1 + 2i)e im ■ e~ 2m — (—1 + 2i)e~ im ■ e~ 2m J = £ e~ 2m {(e im + e~ im ) + 2i (e im - e~ im )} 


= — e 2m {2 cos m + 2i ■ 2i sin m} = —e 2m { cos to — 2 sin to) , 
8 4 

which is also true for to = 0, where 

r t x \ **=-■ 

Loo x 4 + 6x 2 + 25 4 

(b) If to < 0, then we get by complex conjugation, 

p+oo 


/ 

J —( 


2*2 gimx 


f + 00 r 2 i|m|x 

. 9 dx = / —j——-»—— da; = - • e“ 2 l m l {cos |to| - 2 sin |to|}, 

a; 4 + 6a; 2 + 25 Loo x 4 + 6a; 2 + 25 4 L 11 ' IJ 


where we have used the result from (a) with \m\ instead of m. 
Summing up we have for every m£l, 

+°° t 2 Amx 

x- + 6*3 + 25 * = 4 ' 6 {COS |m| - 2 Si “ W >' 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.20 Find the Fourier transform of the function 

f f \ x+1 

/(I) = x 2 + 2x + 2’ 
i.e. compute 


m = 


r*+oo 


X + 1 


x 2 + 2x + 2 


F x dx , 


first for f < 0, and then for £ > 0. 


We see that 

, . P(z) z 1 z ~h 1 

Q(z ) z 2 + 1 + 2z + 2 (z + l) 2 + 1 


is a rational function, where 

1) the polynomial Q{z) = (z + l) 2 + 1 of the denominator has the simple zeros z = — 1 ± i, where 
none of these is lying on the real axis; 

2) the polynomial of the denominator is of 1 degree bigger than the polynomial of the numerator; 

3) if £ < 0, then m = — £ > 0. 


Hence, the conditions of convergence of the improper integral are satisfied for £ < 0, and since — 1 + i 
is the only (simple) pole in the upper half plane, the value of the improper integral is given by a 
residuum formula, 


m 


r*+oo 


X + 1 


J—oo F F 2 

2ni lim 


e F x dx = 27 ri • res 


z + 1 


(z + l) 2 + l 


o~F z 


z —>-—1 + 2 2 (z + 1) 


•e F z = n i. e *£( 1+l ) = 7n • e^( 1+l ), 



C<0, 


where we have applied Rule II. 


Now P(z) and Q(z) have real coefficients, so if £ > 0, then we get by complex conjugation, 


m = 


p+oo 


x + 1 


c 2 +2x + 2 


e~^ x dx= 


p + OO 


x +1 


c 2 + 2x + 2 


e*£ x dx = ni ■ e f( 1 + I ) = —7 




Summing up, 


m 

When £ 


( 7 ri ■ =7 ii • e l^h 1 + I ) 

\ — 7 ri • = — 7Ti ■ 

0, the integral does not converge. 


for £ < 0, 
for £ > 0. 
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Improper integrals, where the integrand is a rational function times ... 


Remark 5.2 For £ < 0 we have 

/(£) = ni = 7 r e - ^ • i {cos |£| — i sin |£|} = 7r e - ^ {sin |£| + i cos |£|}, 

so by a complex conjugation when £ > 0 we get all things considered, 
f tt {sin |£| + i cos |£|}, for £ < 0 , 


m = 


o 


7re 1^1 {sin |£| — i cos |£|}, 


for £ > 0 . 


In a VARIANT we may use the change of variable t = x + 1. Then we have the following calculation 
for £ < 0 : 


m = 


r*+oo 


X + 1 


x 2 + 2x + 2 


e“* x dx= 


/ +oo 

-oo 


t 2 + l 


-hKt-i) dt = e it 


/ +oo 

-oo 


t 


t 2 +1 


dt 


= 2m ■ e ^ • res 


= -i?2 . \ — 


Z 2 + 1 


i = 2m ■ e 






L2z 


r — OO 

= 7 ri • = m e^ 1+ *^. 
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Improper integrals, where the integrand is a rational function times ... 


Alternatively we may use for £ > 0 another residuum formula, because the conditions of its use 
are still valid. We get 


m 


r*+oo 


X + 1 


x 2 + 2x + 1 


r/rr. _ 


dx = —27 xi • res 


z + 1 


z 2 + 2z + 2 





z+1 
-T-j 1 2 jz +- 2 


L — 


l—r I 2 




~7rfe 1 *■* = — irie^ 1+l ). 


Example 5.21 Given the function f by 

z P iz 

/(*) = 7TTT+- 

(z^ + 1 ) 

1) Find the singularities and their type of f in C U {oo}. 

2) Compute the complex line integral 


<f /(z) dz, 
Jc R 


where Cr denotes the simple closed curve, which consists of 


the half circle z = Re l6 , 0 < 6 < tt, R > 1, 


and 

the interval [-R, i?] on the real axis. 

3) Prove that the improper integral 

f + CXD 


x smx 


dx 


/ o (x 2 + 1 )' 

is convergent, and compute its value. 


1) Clearly, z = ±* are double poles. Furthermore, oo is an essential singularity. In fact, we have 
f{—iy) —> +oo for y —> +oo, 

and also 

/(x) —> 0 for * —> +oo, 

so we can obtain at least two different limit values for z —> oo. 
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Improper integrals, where the integrand is a rational function times ... 


2) We have only the singularity z = i lying inside Cr, so we get by a residuum formula, 

d 


C R 


f(z) dz = 2ni ■ res 
= 27ri lim 

= 27ri 


-r ; i = 27rf 
) 2 ) 
i z e iz 

i 7-T 

dZ L (Z + l) 

2 ze iz \ 

(z + i) 2 

(z + i) 3 J 

L 2 fe" 1 ] 

7 xi 

2 (2i) 3 J 

~ 2e 


3) Since we have a zero of order 3 at infinity , we get by taking the limit R —> +oo that 


/ +oo 

-OO 


x smx 


R —*-+oo 


dx = Im < lim ® f(z) dz> = —. 


C R 


l-o o (x 2 + l Y 

Since the integrand is even, we finally get 

f + °° x sinx 7T 

' - o dx = —. 

2 4e 


2e 


/ o {x 2 + 1) 
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Improper integrals, where the integrand is a rational function times ... 


Example 5.22 Given the function 


m = 


\2 ' 


(^ 2 +1 y 

1) Find the singular points and their types of f in C. 

2) Let X\, X 2 , yi denote any positive real numbers where y\ > 1, and let 7 = r y Xl ,x 2t yi denote the 
closed curve (run through in the positive sense), which surrounds the domain 


At 


Prove that 


= {z £ C | — x\ < Re(z) < X 2 and 0 < Im(z) < z/i}. 


f(z) dz = i 


3) Prove that the improper integral 

/* + OO 


x smx 


dx 


Jo (x 2 + 1)" 

is convergent and find its value. 


1) The denominator has the two double zeros 7 r i, and since the numerator is ^ 0 in these points, we 
conclude that ±i are double poles. 

2) We see that +i is the only singularity inside 7 , hence it follows by the residuum theorem that 


, 7 „ / ze lz \ „ d ( ze lz 

tlz) dz = 2mres -,, ; 1 = 27r* hm — 7 - 

V ^ l (z 2 + lf I z —dz \(z + iy 


= 2iri lim 


ize 


2ze l 


^l(Ai ) 2 (z + i) 2 (.z + i) 3 


= 2n ie 


-1 


2 i 


(2 i) 2 (2 i) 2 (2if 


2iri 1 . 7r 

e 4 2e 


3) It follows from 


X 2 - 03 for |a;| large, 


(* 2 + l) z M’ 

that the improper integral is convergent. 


When we apply the parametric description z(t) = —x\ + it, 0 < t < y±, for one part of 7 we here 
get the estimate of the integrand, 


!/(*)! = 


2 e 


(^ 2 + l) 2 


< 


z 2 + 1 


< 


l*i I 


(l*i | 2 - l) 
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and the line integral along this part of 7 fulfils the 
rv 1 

/ / {—X\ + it) i dt 

Jo 


kil-1 


estimate 
2 —► 0 for X\ —> + 00 . 


Analogously we get 
rv 1 

/ / (^2 + H) i dt 

Jo 


< 


F2 


■ 0 for X 2 —> + 00 . 


' /o (M 2 -i) 

Finally, we get for the curvilinear part by choosing the parametric description z(t) = t 
t e [— Xi, X 2 ] [ that 


■ iy i, 


l/(*)l = 


z(t) I 


p-3/i 


(*W 2 + i ) 2 

so the corresponding line integral is estimated by 


/ X2 

m 

-X\ 


dz 


< constant • e Vl —> 0 for y\ —> + 00 . 

Then by taking the limits x\ —* +00 and £2 —► +00 and y\ —> + 00 , 


/• + °° 

7-oo (x 2 + l) 2 

We conclude from 

r + °° xe ix 
7-00 (x 2 + 1) 


dx = i 


7T 


2 e 


2 dx = J 


+ 00 


X cosx 


-00 (x 2 + 1)‘ 


dx 


\L 


•+oo 

x sm x 

-00 (x 2 + 1) 


r 

dx = 2i 

Jo 


•+00 

x sm x 

r -o dx, 

0 (x 2 + l ) 2 


that 


/*+oo 

Jo 


x sinx 7 r 

I - k dx = —. 

0 (re 2 +1 ) 2 4e 
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Example 5.23 Given the function 


m = 


ze 


(z 1 2 + 4 ) 5 


Denote by T e = + Cj the simple closed curve run through in the positive direction, consisting of 

"f e , the line segment [—£>,+£>] on the real axis and the half circle C+ in the upper half plane of centrum 
0 and radius g. 


1) Find the isolated singularities and their types of f in C. 

2) Prove for g > 2 that 



f{z) dz 



3) 

4) 


Prove that 


/ f(z)dz—+ 0 asg-^+oo. 
JC+ 

Compute the improper integrals 

f»+00 


p.v. 


x e"' 


-oo (x 2 + 4) 


■ dx 


og 



x sinx 
(x 2 +4 ) 2 


dx. 



Figure 11: The closed path of integration C e and the two singularities ±2 i. 


1) The function f(z) has the two double poles ±2*. 

2) When g > 2, only the double pole 2 i lies inside T e . Hence by Cauchy’s residuum theorem , 



f{z) dz 


2iri res 


z e 


{z 2 + 4) 


2 ! 


2 i 


1 d 

= 2m ■ — iim — 


1! z-> 2 i dz [ (z + 2i) 


z e 


„ r e iz ize iz 2 ze iz ~\ 

z^ 2 i (z + 2i) 2 (z + 2 z ) 2 (z + 2i) 3 / 

0 . f e~ 2 i • 2i ■ e~ 2 4 i ■ e~ 2 27ri f 1 1 

m \-(4P) 2+ — (4i)2 (4ij3“ J^ 2_ l _ 16 + 8 + 



7r 

4e 2 
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3) A parametric description of C+ may be chosen as z(t)ge lt , t € [0,7r], so we get the following 
estimate when g > 2, 


'C+ 


f(z) dz 


< 


< 


g | exp(i g{cos t + i sin i}) | g“ 


I o ( varrho 2 — 4)^ 


gdt = 


Jo 


exp (—g ■ sinf) dt 


7 xg 


0 Q 2 - 4 )' 


0 for g —> +oo. 


4) Both the improper integrals are trivially absolutely convergent, so it is not necessary to write 
“p.v.” (= “principal value”) here. 

It follows by a residuum formula, where we use the limits above, 


r+°° rr pin r ~ piz — 

- 7) dx = lim ® - 77 dz = i ■ —~ , 

-oo (x 2 + 4) e-*+oo J T ^ ( z 2 _|_ 4) 2 4e 2 


and then by a reflection argument, 
x sinx 1 r+ °° 


p+oo 


/ o (x 2 + 4) 


dx = — 


2J-oo (x 2 + 4) 
2 l 4e 2 / 


x sinx 1 

- 2 dx = - Ini ■ 


p+oo 


/-oo (x 2 + 4) 


dx 


7T 

Se 2 ' 



One generation’s transformation is the next’s status quo. =_ 
In the near future, people may soon think it's strange that 
devices ever had to be “plugged in." To obtain that status, there 

needs to be “The Shift". 


What if 
you could 
build your 
future and 
create the 
future? 


www.alcatel-lucent.com/careers 


Alcatel-Lucent 
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6 Improper integrals, where the integrand is a rational func¬ 
tion times an exponential function 

Example 6.1 Given a €]0,1[, prove that 


(a) 


+OO 


e x +1 


dx = 


sin 7ra 


(b) 


+oo 


cosh a 
cosh: 


dx = 


na ■ 


cos ■ 


Hint: Integrate the function 


e z + l 


along a rectangle with the corners — R, R, R + 2iTi and —R + 2iri, 


and then let R. —> +oo. The integral of (b) is found analogously, but it can also be derived from (a). 






\ 

6 

4- 

/ > 

2 

c 

\ 

-6 -4 -2 0 

2 4 6 


Figure 12: The curve C 2 n mid the simple pole 7 ri inside C 2 -k- 


(a) Since e z + 1 = 0 for z = ni + 2tt i, p G Z, it follows that Zq = ni is the only singularity inside Cr 
for R > 0, and this singularity is clearly a simple pole. Then we get by the residuum theorem, 

( e az \ e az 1 

-; 7 T i) = 2ni lim — = 27 ti • — • e 07r * = —2ni e am . 

e z + 1 J e z -1 

On the other hand, 

g ax rZn e a(R+iy) r—R e a(x+27ri) pO e a( — R+iy) 

- 7 dx+ / — 5 —. - -idy+i / — -r— - - dx+ / — 5 —- -idy. 

e x + 1 J 0 e R+i y + 1 J R e x+2m + 1 J 2n e~ R+z y + 1 

Using that 0 < a < 1, it follows by some trivial estimates (though with a different argument) that 
the second and the fourth integral tend to 0 for R —> + 00 . Furthermore, by some trivial estimates, 
each of the two remaining integrals converges for R —> + 00 , and we have 




—27ri e a 


lim 

?—>■ + ( 

= (1 - e 2am ) 


+00 ^ax 


/»+oo 


_ dz = I -- dx — 

r^+oo J Cr e z + 1 J_ oa e x + 1 


e x + 1 


dx 


f+oo g ax 


e x + 1 


dx. 
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Finally, by a rearrangement, 


+ OO 


e x + 1 


dx = 


27u e a 


- 1 


__ ^gaivi _ g— 


sm na 


(b) It follows from 


cosh ax e ax + e ax 
cosh x e x + e~ x 


e (a+l)x _|_ g(l -a)x 

e 2x + 1 



e 2x + 1 



e 2x + 1 


and 


„ 1 + a 

0 < —— < 1 


and (a) that 
f + °° cosh as 


cosh 


dx 


and 0 < ^ < 1, 


1 /■+«= gsO+l)* 1 r+°° e s(! -“)* 1 7T 1 7T 

2 7.^ e* + l + 2 e‘ + 1 ® “ 2 ' sin(^7r) + 2 ' sin(i^Tr) 


7T 1 

r 1 , 1 i 

1 7T 1 

\ * , 

1 1 

l 

2) 

[sin (! + **) sin(f-^)J 

n] 

1 a7r i 

[ cos — cos I 

rf) J 

r 7ra 

c °s — 



In the past four years we have drilled 


81,000 km 


That's more than twice around the world. 


Who are we? C 

«--— -> 

We are the world's leading oilfield services company. Working 

n ■ sP 

globally—often in remote and challenging locations—we invent, 
design, engineer, manufacture, apply, and maintain technology 
to help customers find and produce oil and gas safely. 


Who are we looking for? 

We offer countless opportunities in the following domains: 

■ Engineering, Research, and Operations 

■ Geoscience and Petrotechnical 

■ Commercial and Business 

* A 

If you are a self-motivated graduate looking for a dynamic career, 
apply to join our team. 

What will you be? 

careers.slb.com 

Schlumbepger 
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Example 6.2 Prove that 



(In a;) 2 
1 + x 2 



by using the path of integration sketched on the figure ant then let R —> +oo and 5 —> 0+. 



Let Log*; denote the branch of the logarithm, which is given by 


Im{Log*z} e 


7T 37T 

2 ’ T 


i.e. we choose the branch of the logarithm, for which the branch cut lies along the negative imaginary 
axis. Then 

(Log *;) 2 
f[> 1 + ; 2 

is analytic in the open upper half plane with the exception of the simple pole z = i. Therefore, if 
R > 1 and <5 < 1, and we denote the curve by Cu.s, then 



(Log *;) 2 
1 + ; 2 


dz = 2ni • res 


/ (Log *;) 2 

^ l + ; 2 



i + i 



7T 


3 


4 ’ 


which in particular shows that the value of the line integral is independent of R > 1 and S < 1. 


The curve Crj is composed of the interval [5, R], the circular arc Cr, the interval [-R, —5] and the 
circular arc C$ (with obvious notations). If we put t = —x, then we get on the interval [—5, — R], 



(Log* a :) 2 
1 + a; 2 


dx 


r ~, 5 


l-R 

r R 


In |x| + iirfi 
1 + x 2 
(Int ) 2 


dx = 
rR 


(lnt + in) 2 


1 + t 2 


1 + t 2 


dt + 2in 


Int 
1 + t 2 


dt — n 2 


dt 

rR 


1 + t 2 


dt. 
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On the circular arc Cr we put z = Re 1s , 9 £ [0,7r], and then 
|Log*z| 2 = | In R + i9\ 2 = (In R) 2 + 0 2 . 

We get the following estimate 


(Log*z) 2 


dz 


(In R) 2 + 7T 2 


for R —> +oo. 


>C R ! + - 2 

Analogously we get the following estimate of the circular arc C$, 
n (Log**) 2 


Ics 1 + ^ 

because 


- dz 


for 6 —> 0+, 

1 — O z 


ln ^ 

( ln S) 2 ■ 6 = —— 


for - —> +oo, i.e. for S 

o 


Summing up we have for R > 1 and 0 < 6 < 1, 


7r 

"T 


(Log **) 2 


Cr,s 

R (lnir) 2 


1 + x 


1 + z 2 
dx 


dz 


(lnt) 2 
1 + f 2 


dt + 2iri 


lnt 


1 + t 2 


dt 


—TT 


1+t 2 


dt ■ 


)c R 


(Log *z? 
1 + z 2 


dz 


= 2 


dx — 7r 2 


dt 


(ln x)‘ 

1 + x 2 " J f j 1 + t 2 


/C B 


(Log*z)" 
1 + z 2 


IC S 


dz 


(Log*z) 2 
1 + z 2 


dz 


)Cs 


(Log *zY 
1 + z 2 


dz + 2in 


lnt 
1 + t 2 


dt. 


Then by a rearrangement, 
f R (lnx) 2 

2 / -- dx = 2tir 

Js 1 + x 2 


ln t 
1 + t 2 


dt = 7T 2 


dt 


1 + t 2 


>C R 


(Log*zy 

1 + z 2 


dz — 


ICs 


(Log * z y 
1 + z 2 


dz. 


Here the left hand side is separated in its real and imaginary part. 

This equation now holds for every R > 1 and 6 e]0,l[. The right hand side has a limit value for 
R —► +oo and 6 —► 0+, independent of each other, 

2 7T 7T 3 7T 3 

7T 2 --- — - 0-0 = — , 


7i 

hence the limit value of the left hand side must also exist, and it is equal to —. Hence by separating 
into the real and the imaginary part we get 


/* + OO 


,2 

dx = — 


(Inx)* . 7T 
1 + x 


og 


r +oo 

Jo 


In x 
1 + x- 


dx = 0. 


101 

Download free eBooks at bookboon.com 
































Complex Funktions Examples c-7 


Improper integrals,, where the integrand is a rational function times ... 


Example 6.3 (a) Given the function 

p/ \ 1 tanh yfz 1 sinh yfz 1 

2 yfz z ^Jz cosh yJ~Z 

Prove that F(z) is an analytic function in a domain 

ft = C \ {z n | n G N 0 } , 

independent of the choice of the branch of the square root. 

(b) Find the poles {z n \ n € No} of F(z), as well as their orders. 

(c) Let C p , p G N, denote the simple, closed curve in the z-plane, which is composed of the line 
segment 

z = l + it, |t| < vV 1 ^ 4 - 1, 
and the circular arc 


- V ' 


M =P 2 7T 2 , 


Re(z) < 1. 


Find for every fixed t > 0 the value of the line integral 


1 


1 


— <b e zt F(z) dz = -— ® — 
2irN w r, ~~ r ~ 


2m 


e zt tanhy^ 


dz. 


C v 


(d) Given that 

|tanhui|<2 forw=pire ie , 6 £ R, p £ N, 
prove that for every fixed t > 0, 
f e zt 

lim / — -= tanh \fz dz = 0. 

P^+OOJ Zy/Z 

(e) Using that F(z) has an inverse Laplace transform given by 

i (■l+ioo i r+oo 

fit) = — / e 2t F(z) dz=— e( 1+i F( 1 + is)ds, t> 0, 

2m Ji-iao 2 tt oo 

where the integral is convergent, find f(t) expressed by a series and prove that this series is con¬ 
vergent for every t > 0. 


(a) We use that (y/z) = z, no matter the choice of the branch of the square root. Then by some 
series expansions, 


+oo 


+oo 1 
2 n 1 


coshv^=E(2^! (^) 


(2 n)\ 

ra=0 v ' 


and 


sinh sjz 1 1 


i +°° i 

, 2n+l i \ ^ i 


+oo 


^^( 2n + 1 ) ! 


(v*t +i =ee 


y/z “ (2n + 1)! 
n=0 


Z A JZ 


= E 


(2n +1)! 

n =0 ' 
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so we have indeed defined a analytic function, which is independent of the choice of the branch of 
the square root. Notice in particular that 

r- sinh sjz 

(4) lim cosh \Jz = 1 and lim- 7 =— = 1. 

z—>0 yfz 

We therefore conclude that 

1 tanh yfz 1 sinh yfz 1 

z y/z z \fz cosh \J~z 

is analytic in a domain Cl, which does not contain z = 0 or the zeros of cosh yfz. 

(b) The zeros of cosh yfz are found in the following way, 


Vz = i +Ptt) , PCZ, 


thus 


z = - [- 


(i+H 


peZ. 


Then note that p and — p — 1, p C No give the same z, so we can now replace Z by Nq 


When p is replaced by p — 1, then the singularities become 

7 r 2 

zo = 0 and z p = — (2p — l ) 2 —, p £ N. 

Then we determine the order of z p , p £ No- Since 

_1 1 sinh yfz 

z cosh yfz yfz ’ 

we conclude from (4) that Zq = 0 is a simple pole. 
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When 


z p = ~{2p~lf 


p£ N, 


we get 


sinh ./Zr, 


og coshW^ = 0, 


and since 


d 1 sinh i 

lim —— cosh \Jz = lim sinh z ■ 


dz 


2-y^Z 2y /Zp 


^ 0 , 


we conclude that every z p is a simple pole. 


(c) Using that z p = — ( p — — ) 7r 2 , it follows from Cauchy’s residuum theorem that 


/ e zt F{z) dz = —(f 
2m Jc 2m J c 


1 / e zt tanh y/z 


z 


dz = ^ res (e zt F(z ); z p ) 


n—0 


because only zq, z±, ..., lie inside C p . 



LeW^5 / i 

Maastricht University 


Join the best at 
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Visit us and find out why we are the best! 
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• 2 nd place: MSc Management of Learning 
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Maastricht 
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Then by Rule Ia, 

x , ,, sinh \fz 1 1 

res (e F(z ); z 0 ) = lim e - -= - —-—-= = 1 • 1 • - = 1, 

v ' z^o yjz cosh yjz 1 

where we again have used (4). 

In the computation of 

res (e zt F(z ); z n ) , n G N, 
we shall use Rule II, because z n is a simple pole. We put 
e zt sinh %fz 


A ( z ) = _ rz 

z v z 

and get by Rule II, 


and B(z) = cosh-y/z, 


res(e zt F(z);z n ) = P^=lmi n 


hence by insertion, 


e zt sinh ^fz 

Z sjz 


sinh i 


2 e zt 2 2 t 

= lim - = —e " , 

z * z n Z Z„. 


2yfz 


1 

2iri 


' F(z ) dz = ^2 res (e zt F(z ); z n ) = 1 + ^ — e z 


n =0 


( 5 ) 


= ‘41 


7t 2 (2 n — l) 2 


exp | -<Jn - t r 2 f 


(d) If z S T p , then \z\ = p 2 7 r 2 and \yfz\ = p 7 r. According to the given formula, 

( 6 ) |tanhy/z| < 2 for \z\ = p 2 n 2 . 

We have on T p that Re(z) < 1 and \z\ = p 2 7 r 2 , so we get by ( 6 ) for every fixed t> 0 the following 
estimate, 


/' e 2f 

/ — 7 = tanh -y/z dz 

< max 

e zt 

—t= • tanh -y/i 

dr p 


z^fz 


„t -1 


2 2 


• t (r„) < 7 7 • 2 • 2np Z TT 

P^TT 6 


4e‘ 


=-> 0 for p —> +oo, 

P 


thus 


/• e zt 

(7) lim / —-= tanh y/zdz = 0. 


p —»+00 

(e) We conclude from (5) that 


1 

2iri 


r 1 /*l+^'\/ p 4 7T 4 — 1 1 r- 

(b e zi F(z ) dz = - / e 2 ‘ F(z ) dz +- / e 2t F(z) dz 

Jc„ 2 tti J i_i / 4^4.! 2 tt* J r 


l-iy/i 


7T 2 (2n — l) 2 


exp | - <( n- * j 7 r 2 t j , 
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hence by a rearrangement, 

^ r 1+iy/ p 4 7T 4 — 1 


F (z) dz = l-~Y J 


2^ J 1 — i-\/p 4 7r 4 —1 

Then by (7) by taking the limit p —► +oo, p G N 

r*l+i oo 


^ eiry (-{ p 4} * 2 ') - 2 S i r e “ 


(8) /(,): =2sl 

Clearly, 




F(^) da = 1 - -j 




exp — < n — 


ir 2 t < 1 


for t > 0 and n £ N, 


so we have the estimate 

+oo ^ / 


S( 2 ^ eXP l' 1 n “ 2 


n 2 t 


+oo 

^E 


^(2n-l) 2 8’ 

< 1—1 V ' 

and the series is absolutely and uniformly convergent for t > 0. 

Remark 6.1 This example is a simplified version of a problem connected with oil drilling in the 
North Sea. One wanted to find the inverse Laplace transform of 


F(z-,\,to) = 


1 tanh yjip(z) 

z V<P( Z ) 


where 


ip(z) =<p(z\\,w) =z~ 


ui 


\{z + u>) ’ 


and where A and to are two positive parameters, which are fixed by some practical measurements. The 
principles for solving this original problem are the same as the simplified example presented here, but 
one must admit that the computations are far more difficult that in this special case, where tp(z) = z. 
0 


Remark 6.2 All though it is not required we shall here also prove (5), i.e. 

(9) | tanh tu| <2 for w = pn ■ e l9 , 0eR, p£ N. 

We first introduce for p€Na real auxiliary function by 

(10) tp p (0) = cosh(2p7r • cos#) + cos(2p7r • sin#), # G R. 

Then we prove that 

(11) cos(2p7r • sin#) > 0 for Arcsin (l — -E <|#|<^-. 

V 4 pj 2 


106 

Download free eBooks at bookboon.com 
















Complex Funktions Examples c-7 


Improper integrals,, where the integrand is a rational function times ... 


Since cos (—it) = cos u, we may assume in (11) that 
9 £ Arcsin f 1-| — . 

V W 2 . 

Since sin 0 is increasing in this interval, we get 


2pir sin 9 £ 


2p7T ( 1 ~ Ip ) ’ 2pn 


2?wr - - , 2pn 


and since cos u > 0, when u = 2p7r sin 0 £ 

Then we prove that 

(12) cosh(2p7r cos0) > cosh a/8 p— 1^ for \0\ 


We may again assume that 9 £ 
interval, it follows that 


2£>tt - - , 2pn 


, we have proved (11). 


0 , Arcsin ( 1 — 


0 , Arcsin (1 —— 

4 p 


cos 9 > cos 


( Aicsin ( 1 - h ))= + { 1 


4 p 


, and using that cos 9 is decreasing in this 


1 


1 — sim ( Arcsin (1- 

4 p 


1 


= \ l- 1 - — = , 1 - 1 -- 


1 , 11 x/8 


4 p 

and since cosh is increasing in R + , we get 

/8p- 1 


2 p 16 p 2 


Ap 


cos(27r cos 9) > cosh 2pit 


Ap 


= cosh 


(17% 


-1 • 


Now, 


ipp(9 + 7r) = cosh(—2p7r cost?) +cos(—2p7r sin0) = ip p (9), 


and 


cosh ^ a/8 p— 1 j > 2 for alle p £ N, 
so we conclude in general by (11) and (12) that 

tp p (9) = cosh(2p7r cos 9) + cos(2p7r sin 6) > 


coshO + 0 — 1, 


cosh 


(fv^r) 


- 1 -1 > 1 , 


where at least one of the two estimates holds for any 9. 
Summing up we have proved that 


(13) il> p (0) = cosh(2p7r cos0) + cos(2p7r sin0) > 1. 
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Then we use the definitions of the hyperbolic function of a complex variable, 


I tanhwrl 2 


= 1 - 


| sinh w | 2 cosh 2 u — cos 2 v 

| cosh w | 2 cosh 2 u — sin 2 v 

2 cos2z> 


= 1 - 


cos 2 v — sin 2 v 


cosh 2 u — | + \ — sin 2 v 


= 1 - 


2 cos 2?; 


(2 cosh 2 -l) + (l - 2 sin 2 v) cosh 2 u + cos 2v 


Then put 


w = pir e l8 = pn cos 0 + ipn sin 0 = u + iv, 
and apply (13) to get 

2 cos(2p7r sin 9) 


|tanh (p7r e lS ) | = 1 — 


cosh(2p7r cos 9) + cos(2pn sin 9) 


< 1 + 


i/j p (9) 


< 3, 


thus 


|tanh (p7re l£l ) | < V% (< 2), 

and we have proved (9) with the even smaller constant -\/3- 0 



> Apply now 


REDEFINE YOUR FUTURE 

AXA GLOBAL GRADUATE 
PROGRAM 2015 


redefining /standards 
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Example 6.4 Compute 


r*+oo 


1 f x + 3i . 

2 , n exp I dx. 

x 2 + 9 \ x 2 + 9 


It follows from 
estimate 
z + 3i 


9 


z + 3i 


z 2 + 9 z — 3i 


1 4 

\z-3i\ ~ ]z| 


, that this function can be extended analytically to —3*, so we get the 


for H > 4, 


hence 


z + 3i 
ex P l i*- 


< exp 


+ 9 

Then we estimate the integrand by 


^)- exp (R'- e 


for \z\ > 4. 


1 


9 


exp 


z + 3i 
z 2 + 9 


< 


for Izl > 4. 


The singularities are z = ±3 i, where none of them lies on the real axis. We conclude that the improper 
integral is convergent and that its value can be found by a residuum formula, 


+oo 


1 ( x + 3 * \ J o • 

—- exp — - dx = 2m res 

x 2 + 9 h lx 2 + 9 


exp 


z — 3i 


;3i . 


The idea here is that the sum of the residues is 0. Since oo is a zero of second order, we have 

1 (4 


res 


exp 


z — 3i 


7 ;oo = 0. 


Now 2 = —3 i is a simple pole, so 

1 ( 1 


res 1 2 i a ex P\ o- 

z 2 + 9 V z — 3t 


-3 i I = —— exp 


6 r / = 6 6XP V 6 


The sum of the residues is zero, so it follows from the above that 
1 


res 


exp 


^);3d=-^exp(l). 


Finally, by insertion 

r + °° 1 fx + 3i 

J- oo x 2 9 


exp 


i2+ dx = 2 «^-ie x p(i)| = I exp (i | . 


Remark 6.3 We notice by separating the real and the imaginary part that it follows from this that 
r ' +00 1 ( x \ (3 


' —OO 

/*+oo 


x 2 + 9 
1 

x 2 + 9 


exp 


exp 


x 2 + 9 
x 

x 2 +9 


cos 


sin 


, 71- 1 

„ „ , dx = — cos -, 

2 J- 9 / 3 6 


, 7T . 1 
„ , dx = — sm -. 

x 2 + 9 J 3 6 


0 
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Alternatively one may compute the residuum at z = 3i directly. 

We get by the change of variable w = z — 3i that 

r « “p (jhi) '■ 3i ) = res G^Teij exp (s) ! °) ■ 

Here wq = 0 is an essential singularity, so we must find the Laurent series expansion and find the 

coefficient a_i of —. When 0 < licl < 6, then 
w 

1 ex /1\ 1,1, _J_ yii = I J_1 

w(w + 6*) 6 ^ V / w 6* i i ^ ^ n\ w n w | 6i ^ V 6 i) n\ w n | 

v v 7 1 + " =0 ' p =0 71=0 7 

It follows immediately that a_i is the constant term inside the parenthesis, so a_i is found by putting 
p = n, thus 


res 


-x exp 
9 \ 2 




n —0 


(6 i) 1 


1 1 
— = — exp 
n! o i 


and we get as previously that 


f» + 00 


1 


exp 


x + 2>i 
x 2 + 9 


, tt / i\ 7T f 1 ..1 

ax = — exp - = — < cos - + i sin - 

3 \6/ 3] 6 6 
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Improper integrals,, where the integrand is a rational function times ... 


Example 6.5 Given the function 

e iz 


m = 


where cosh z = 


coshz ' 2 

Define for every R > 0 the den simple closed curve 

r R = T 1 R +T 2 R + T 3 R + T% 

which is the sides of the rectangle shown on the figure. 



Figure 15: The curve T# is composed of the four straight line segments: r)j = [— R,R] on the x- 
axis, r|j = R + i[0,7r], parallel with the y-axis, = [— R, i?] + in parallel with the x-axis, and 
rfj = —R + *[0, n\ parallel with the y-axis, and with the given sense of direction. 


1) Find all isolated singularities of f in C. 

Determine for each of them its type and its residuum. 

2) Prove that 



f(z ) dz 


2n exp 



3) Prove that the line integrals along and tend to 0 for R —> +oo. 
Hint: One may use that 


| cosh(x + iy)\ = \j sinh 2 x + cos 2 y. 


4) Prove that the improper integral 

/* + 0O 


cosx 

coshx 


dx 


is convergent, and find its value. 
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Improper integrals,, where the integrand is a rational function times ... 


1) The numerator and the denominator are both analytic in all of C, and the numerator is 0 
everywhere, so the singularities are given by the zeros of the denominator cosh z, i.e. 


z P = i {^ +p7r } > 


It follows from 

cosh z v = sinh z v ^ 0, for alle pgZ, 
dz 

that they are all simple pole of f(z). 

Finally, 


f r ■ f 71 1 \ 

[ e iz 

( / 'U2 +! "}) = 

sinh 2 


exp -pi r) 


(-1 ) p ~ 1 i exp +Ptt}) 


p G Z. 


2) For every R > 0 the curve Tr surrounds only the singularity z 0 = i —. 

Then we use the residuum theorem, 

<j> f(z) dz = 2ni ■ res (j , i = 2n ■ exp . 

3) The vertical line segment T|j (possibly rjj) has e.g. the parametric description 

z(t)=R + it, fe[0,7r], 
so we obtain the estimate 


'rl 


f(z) dz 


e i(R+it) 

!q cosh (R + it) 


i dt 


< 


I o | cosh(i?. + it)\ 


dt. 


From 


| cosh(i? + it) | = Vsinh 2 R + cos 2 t > | sinh R \, 
we get the estimate 

r i 


f(z) dz 


< 


■ dt = 


0 for R —> +oo. 


| sinh i?| |sinhi?| 

We have only assumed in the argument above that R £ R, so we also have 


lr 4 


f(z) dz 


< 


| sinh I? | 


0 for R —> +oo. 
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4) Now cosh x > 1 + - x 2 , so it follows from the estimate 


f + °° a cos x + b sin x 


cosh: 


dx 


< 


f+ 00 Q 

—T— dx < +oo, 

— no x \ o 


that the improper integral is convergent. 

When we return to the complex problem, then we get by the symmetry that 


[ f{z)dz = f 

“ r n J — 


_ R cosh x 


dx = 


f. 


cos x + i sin x 


_ R cosh x 


dx = 


cos x 


/ v dx ' 

!_ r coshx 


and analogously, 
/ f(z) dz = 


r—R p i(x+in) 


l +R cosh (2 + in) 


dx = +e * 


I" cos x + i sin x 
I _ R cosh x 


cos x 


I i, 

l_ R cosh x 


because an integration of an odd function ( her ——-— ) over a symmetric interval [— R, i?l is 

\ cosh x ) 

always 0. 


Then we get by taking the limit R —> +oo in (2), 



= lim 

r 

V 2/ 

R— >-+oo j 

' — R 


cos x 


dx = (l + e 7r ) 


/>+00 


cosx 
cosh x 


dx. 


so ——— being even, we get by a reflection argument that 
cosh x 

cos x 1 f + °° cos x 27rexp^--^ 

—t— dx = - / —-— dx = ——- v = 

cosh x 2 J_ oa cosh x 2 (1 + e _7r ) 


+oo 


c °sh(f) 


7r exp — 

1 + e~ 


(-i) 
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Cauchy's principal value 


7 Cauchy’s principal value 


Example 7.1 Compute the (important) improper integral 



smx 

- ax. 

x 


sm 2 , 

It is not possible directly to apply the analytic function -in the various solution formulae, because 

it does not fulfil any of the inequalities required for the legality of some relevant residuum formula. 
Another problem is that we here only shall integrate along the positive real axis, i.e. not a “closed 
curve” in C*, and we cannot talk of a domain which is surrounded by the path of integration. 

Instead we shall rewrite the integrand by means of Euler’s formulae. In order to avoid the singularity 
at the point 0 we shall integrate over an interval of the form [e, f?]. Then we get 


sm x 


dx = hT r -- 


dx = — 
2 i 


If the right hand side has a limit value for e —► 0+ 
does also exist, and we have 


r»+oo 


smx 


dx = — 
2 i 


i r + °° 

^ vp -.L 


— dx. 
x 



and R —> +oo, then 



the limit of the left hand side 
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Cauchy's principal value 


The analytic function - e %z has only the simple pole at z = 0, and this lies on the real axis, so it will 
contribute to Cauchy’s principal value with the amount 



Since we have the structure - e lz = - e lmz of the integrand, where m = 1 > 0 and - has a zero of first 

z z z 

order at oo, taking the limit R —> +oo will not cause any problem, and we have checked the conditions 

for the application of the residuum formula for Cauchy’s principal value. Finally, the integrand does 
not have any other singularity that z = 0, so we conclude that 



sin x 
x 


ir=-vp. 



e“ , 1 

— ax = — ■ m = 
x 2% 


7r 

2 ' 


Example 7. 


vp. 



2 Compute 
dz 

2z 2 + 3z-2' 



Figure 16: The circle \z\ = 2 with the evasive circular arc T £ around the point —2, and the singularity 

- inside the curve. 

2 


We first note that the denominator 2 z 2 + 3z — 2 is 0 for 

- 2 , 


z = 


-3 ± V9~+ 16 -3 ±5 


We see that the pole z = — 2 lies on the path of integration, while the pole z = - lies inside the curve. 
It follows by a decomposition that 
1 _ 1 1 
2z 2 + 3^-2 ~ 2 


1 


(z + 2) ( z — - 


1 1 
2 "5 T 
2 " 2 


1 


z + 2 5 1 5 z+ 2’ 

Z 2 
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Cauchy's principal value 


and hence 


vp. 


dz 


1 * 1=2 


2z 2 + 3z-2 


= vp. 


1 

- 


1 * 1=2 


1 


1 


1 z + 2 
Z 2 


dz 1 
- z. -hm 

5 ./ 1,|=2 _ _ 1 5 e -o 

2 


lc e +r e 


z 2 


dz 


where 

C e = {z £ C \ \z\ = 2, \z + 2| > e} 
and 

r £ = {z 6 C I \z + 2\ = e, \z\ < 2}. 

It follows from Cauchy’s integral theorem that 
r dz 

Jc e +r e z + 2 


= 0, 


so we get the following reduced expression 
dz 


vp. 


1 


1*1 


27ri 1 . - 

—,-=-1- lim - / - dz. 

_2 2 z T 3 z — 2 5 £—>o+ 5 J p z -\- 2 


We choose for T e the following parametric description, 
z = — 2 + e • e 10 for 9 £ [0 o (e), 0i(e)], 
where 

0 o (e) —> —^ and ©i(e) -> for e -> 0, 

and where the interval of the path of integration is run through in the opposite direction of the 
direction of the plane. Then we get by insertion and taking the limit, 


vp. 


dz 


2ni 1 

=-1— hm . 

\z\=2 + 3z — 2 5 5 e->0 +7© 1 (e) ee 


02 ^ iee 10 dd 2ni i 

--r + 5,t'? + {e ” (e) - ei(e)1 


27tj i r 7r 7r 'i 2iri ni tt i 


Example 7.3 Let C denote the square with the corners 1, i, —1, —i. Compute 

dz 
vp. 


It is obvious that the corners of C are the poles of the integrand, so for given e > 0 we define the 
auxiliary curves 


C e = {z £ C | z £ C, \z — a\ > e, a = 1, i, —1, — i} 
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Cauchy's principal value 



Figure 17: The curves C and C e with the arcs of evasion. 


and 

r a £ = {z £ C | \z — a\ = e, z inside C}, a = 1, i, —1, —i, 
of positive direction. Then 


vp. 




= lim V 

e —>0 ' 




dz 


z 4 -l' 


By a decomposition, 

^T= E 


z 4 -l 


res 


; a 


z 4 -l’ J z-a 4 


E 


a=l,i,— 1 ,—i 

Then we use the parametric descriptions 

T a ,e ■ z = a + £ e lS , 0G 0(a),@(a) + — 


z — a 




a = 1, i, —1, —i, 


in order to get 

dz 
vp. 


E 


dz 


E 


r e(a)+f £ie i8 




r z — a 4 

1 a > £ a=l,i, — l,—i 

1 \ ' . 7T iri \ ' 

t > on ■ — = — > a = 0. 

4 2 8 

a=l,i s *— 1,—z a=l,i, — l,—i 


le(a) 


e e 


id 


d6 
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Cauchy's principal value 


Example 7.4 


/*+0O 


Compute 

dx 


vp. 


x ( x 2 + 1) ’ 


The integrand 


/(*) = 


z (z 2 + 1) 


is a rational function, and we have the three simple poles 0, i and —i. Of these, only 0 lies on the real 
axis, i.e. on the path of integration. Since 


- 1 tor 2 - °°’ 


there exists an R > 1, such that 

~3 


0 (Z 2 + 1 ) 


< 2 for \z\ > R, 


thus 

(14) 


z(z 2 + 1) " |.~| 3 


< 


for \z\ > R. 



Brain power 
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It follows that vp ,f_ 

f +oc dx 

vp. / 


+OO 

OO 


dx 


x (x 2 + 1) 


x (x 2 + 1) 
= 2-ki res 


exists and that it can be computed by a residuum formula, 


2 (z 2 + 1) ’ 


7 ti res 


z (z 2 + 1) 


because z = i lies to the left of the path of integration seen in its direction, and because its weight 
is 27n, while the residuum at the pole z = 0 on the x-axis roughly speaking is halved with only part 
going to the upper half plane and the other half to the lower half plane. 

In the present case it suffices to convince oneself that the integral is convergent, because the integrand 
is an odd function, so the only possible value is 0, i.e. 


p+oo 


dx 


vp. 


= 0. 


x (x 2 + 1) 

For COMPLETENESS we compute 

1 


res 


1 


z (z 2 + 1) 


1 


1 


i,= fei2i = 2? = -2’ 


(regel II), 


where P(z) = - and Q(z) = z 2 + 1, and 

z 


res 


0 = lim 


K z(z 2 + 1) 

and we have (control), 

/■ + °° dx 
VP J-oo z(x 2 + l) 


+0 Z 2 + 1 


= 27tj res 


= 1, 


(regel Ia), 


2 {z 2 + 1) 


; * + 7T* res 


2 2 (z 2 + 1) 


= 27T* ■ ( — — ) + 7T* = 0. 


Example 7.5 


p+oo 


Compute 

dx 


vp. 


x (x 3 + 1) 


The integrand 

^ = z (z 3 + 1) 

is a rational function with a zero of fourth order at oo. It is analytic in all of the complex plane except 
for the simple poles 


0, 


- 1 , 
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Cauchy's principal value 


/ 0.5- 


+T -0.5 ^ 

\ -0.5- 

v 0.5 1 


Figure 18: The four poles, of which two are lying on the path of integration, i.e. the real axis. 


cf. the figure. We conclude from 

= , 3* -1 

that there exists an R > 0, such that 


for 


\z 4 f(z)\ < 2, dvs. |/(z)| < -~j for |z| > R. 


Now, a = 4 > 1, so Cauchy’s principal value exists. In fact, we have simple poles on the auaxis, and 
a > 1 in (15). The value is given by the residuum formula 


/»+0O 


dx 


vp. 


x (x 3 + 1) 


= 2ni res 


1 




^(z 3 + l) ’ 2 
1 


+7i -i res | ; 0 

^z(z 6 + 1 ) 


7 ti res 


3 (z 3 + 1) ’ 


-i 


Then by Rule Ia, 


res ( / ! —7T ! 0 ) = lim 1 = 1. 

Vz(z 3 + 1) J z 3 + 1 

The other two poles satisfy the equation zj) = — 1. Putting 

P(z) = - and Q{z) = z 3 + 1, 

z 

then P(z) and Q(z) are analytic in a neighbourhood of zq, and since 

_i_ .... P{z) 

z(z 3 + 1) Q(z) ’ 
it follows from Rule II that 

( 1 \_ (P(z) m \ _ P(zp) _ 1 1 _1 1 _ 1 

res Vz(z 3 + 1) ’ V res VQ(z) ’ Z °) Q' (z 0 ) z 0 3 zl 3 Zg 3' 
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1 v/3 

This is true for both z 0 = — 1 and for zq = - + i —, so it follows that at 


r+oo 


vp. 


dx 


x ( x 3 + 1) 


= 2ni res 


1 1 ,V3 

z(z 3 + l) ! 2 + * 2 _ 


+7 ii res 


= 2m — - 


7Ti res 


; -1 


z(z 3 + l) ’ J + ’ 

7T* + ni ( -M = 7T* (-^ + 1 - ^ ) = 0. 


Note also that since the integrand is real, the result shall also be real. 


Example 7.6 Compute 


P+OO 


vp. 


dx 


x 6 — 1 ’ 



Figure 19: The poles of the integrand. Two of these, ±1 lie on the path of integration. 


The integrand f(z) = 


z 6 f(z) = 


1 


is a rational function with a zero of order 6 at oo, i.e. 


z 6 - 1 


z e - 1 
1 for z —> oo. 


Hence there exists an R > 0, such that 


f{z)\ = 


1 


z 6 — 1 


< 


for \z\ > R. 


Since f(z) has only simple poler and da a = 6 > 1, it follows that Cauchy’s principal value exists and 
is given by the following residuum formula, 


/ +oo 

-OO 


dx 

x 6 — 1 


= 2ni < res 


+iri < res 


z 6 - 1 ’ 2 
1 


z 6 - 1 


.vV 

l - 

2 / 

1 ) + res 


res 




z 6 - 1 


-1 


z 6 - 1 
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If Zq = 1, then we have by Rule II, 


res 


1 


z 6 -1 


1 


1 z 0 1 


6 zq 6 zg 6 


We can compute all four residues by this rule, so 


/*+00 


vp. 


dx 


.1 


= 27 Tl- 
x 6 — 1 6 




— - + * ■ 


v / 3 N 


„ . 1 nr 27T\/3 7T 

= 2m ■ - ■ iV 3 + 0 =-=- r=. 

6 6 V3 


+ ni- -{! + (-!)} 


As a very weak control we see that since the integrand is real, the result is also real. 
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Example 7.7 1) Prove that the Cauchy principal value 

C +oo g iax 2_ 


l 

K(a ) = vp. / 

J —( 


dx 


exists for every real number a, and show that 
K(a) = — 7r|a|. 

I?) Compute the integral 

f + °° cos ax — cos bx , 

L —^ 

expressed by K(a) and K(b). 

1) First note that the integrand 

e iaz — 1 


has only the pole ^ = 0 (and oo as an essential singularity). The numerator has a zero of first 
order at z = 0, hence z = 0 is a pole of first order. From \e laz | < 1 for a > 0 and Im(z) > 0, 
follows the estimate 


e a a z _ 1 


< —^ for \z\ > R and Im(z) > 0, 

R 2 


where we also have assumed that a > 0. Thus the conditions of the existence of Cauchy’s principal 
value are fulfilled for a > 0, and it is given by a residuum formula, 


K(a) = vp. 


p+oo Ac 


dx = ni ■ res 


0 ) = 7r i lim — (e iaz -1) 
1! »o dz v ' 


= 7T i lim iae laz = —na = — 7r|a|. 
z—>0 


If a < 0, i.e. a = —|a|, we get by a complex conjugation and the result above that 

/ +oo e iaz _ 2 r+oo £ i\a\ _ j _ 

- 2 - dx = vp. / -j —dx = K(\a\) = —Tr\a\. 

-oo ^ J —oo ^ 


Summing up, 


K(a) = K(\a\) = vp . J 


+oo g iax ^ 


dx = —7 


a G . 


The result is real , so 


K{a) = vp. Re ( f” 5^ *} = vp. T" - 1 dx 

l*/—oo J J— oo 


r*+oo 


cos (ax) — 1 


dx = —7 
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The numerator cos(ax) — 1 has a zero of at least second order at 0, so the integrand 


cos (ax) — 1 


has a removable singularity at x = 0, and we can remove “vp.” in front of the integral, and we 
have the estimate 


cos(ax) — 1 < 2 


for Id > 1. 


2) Clearly, the zero of the numerator at x = 0 has order 2, so the singularity at 0 is removable. Since 


cos(ax) — cos(6x) 


< for x ^ 0, 


and the integrand is continuous with a continuous extension to 0, we conclude that the improper 
integral exists and that it is given by 


p+oo 


cos(ax) — cos(&x) 


/*+0O 


or 

f — E 


dx = lim 

E —►0 - |- 


cos(ax) — cos(bx ) 


dx 


= lim 

E —► 0 - |- 


= vp. 


— OO 

■+oo 


+°° cos (ax) - 1 , r e 

-„- dx — lim / 

x 1 e->o+ / _ 


r+oo 


cos (bx) — 1 


dx 


cos (ax) — 1 cos (bx) — 1 

-o- dx — vp. / - t, - dx 


x* 


x* 


J —oo J —OO 

/' + °° cos(ax) — 1 f + °° cos (bx) — 1 , 

= / -^- dx- -s- dx 

J -oo a; J -oo x 

= K(a) - K(b) = -7r(|a| - |6|) = tt(| 6| - |a|). 


Example 7.8 1) Find the poles, their order and their residuum for the function 

f( \ = _ Log z _ 

A J (z-inz-2)(z-3)' 

2) Use the calculus of residues to find Cauchy’s principal value of the integral 

/ +oo 

f(x) dx, 

-OO 

and then compute the integral 
I" 0 dx 

J- oo ( x - - 2)(x - 3)' 


1) We have a branch cut along U {0}, so it only makes sense to find the poles of the function 
outside this half line. It follows immediately that z = 2 and z = 3 are simple poles. Furthermore, 
(.z — l) 2 has a zero of order 2, while Log z has a zero of order 1. Hence, z = 1 is also a simple pole. 
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The residuum at z = 1 is computed by considering z = 

1 r d ( Log z 
res(/;l) = — iim 


= 0 


1! *->i dz \ (z — 2)(z — 3) 

1 _ 1 
1 • (1 - 2) • (1 - 3) “ 2 


= lim { Log 

Z—>1 


1 as a pole of at most order 2, 

dz ((z — 2)(z — 3)) z(z — 2)(z — 3) } 


Then we get 


res(/; 2) 
and 

res(/;3) 


Log 2 

(2 — l) 2 • (2 — 3) 


— In 2, 


Log 3 = 1 , „ 

(3 — l) 2 • (3 — 2) 4 



2) Choose the path of integration C^ e as the one given on the figure, where 0<e<l<3<i?. We 
shall allow the path of integration to pass through the simple poles at z = 1, 2 and 3, and they 
contribute to the integral with 7r i times their residues. We shall further assume that the part of 
the path of integration which runs along the negative and real axis, actually lies in the upper half 
plane above the branch cut. It follows from these assumptions that 


<£ f(z) dz = n {res(/; 1) + res(/; 2) + res(/; 3)} 
J Cr,£ 


We get the following estimate along the circular arc |z| = R, z = Re™, for R —> oo, 


= ni { - — In 2 + - In 3 

iO 


Log z 


9=0 0-l) 2 (z-2)(z-3) 


dz 


< 


In R - 


(R — 1) 2 (I? — 2)(f? — 3) 


■ 7T.R —> 0. 


Along the circular arc |z| = e, i.e. z = ce , we get the following estimate for e —> 0+, 


Log z 


9=0 (z - 1 ) 2 {z - 2)(z - 3) 


dz 


< 


I In el 


1 -e) 2 (2-e)(3-e) 
e I In el + ire 


ire 


(l-ey 


(2-e)(3-e) 
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where we have used that e| lne| —> 0 for e —> 0+ due to the rules of magnitudes. 
Hence we conclude by taking the limits e —> 0+ and R —> +oo that 


vp. 


/• + 00 


/( x) dx = 7r i 


5-‘" 2 + 3 



This implies that 


ni ■{ - — In 2 + - In 3 
2 4 


= lim lim 


Log x 


£—>o+ fl->+oo I J_ R (x — l) 2 (x — 2) (x — 3) 


dx 


Log x 


= lim lim 

£—>0+ R —>-+oo 


In |a:| 


(x — l) 2 (a; — 2)(x — 3) 
dx 


dx 


' —R 


(.x — l) 2 (x — 2)(x — 3) 


dx + in 


I —R {x - l) 2 {x- 2){x 


Then by taking the imaginary part and then the limits, 


f dx 1 , „ 1 , n 

i-oo (x- 1) : 2 (x + 2)(x-3) 2 4 



qaiteye 

Challenge the way we run 


EXPERIENCE THE POWER OF 
FULL ENGAGEMENT... 


RUN FASTER. 

RUN LONGER.. 
RUN EASIER... 





4- i ] 
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As a CHECK we see that the latter result can also be derived by a decomposition and a simple 
integration. It follows from 


1 

(x — l) 2 (x — 2)(x — 3) 

1 1 A 

(l-2)(l-3) ‘ (x-1) 2 + x-1 

1 1 , 1 1 
+ (2-l) 2 (2-3) ‘ x-2 + (3-1) 2 (3-2) ‘ x - 3 
11 A 111 

2 (x — l) 2 x — 1 i-2 ^ 4 i-3’ 

that 

A 111 
x — 1 x — 2 4 x — 3 

1 11 2-(x-2)(x-3) 

(x - l) 2 (x - 2)(x - 3) ~~ 2 ‘ (x- l) 2 ~ 2(x-l) 2 (x-2)(x-3) 

— (x — l)(x — 3)+x — 3 + 2 — x + 3 + 1 

2(x-l) 2 (x-2)(x-3) ~ 2(x — l)(x — 2)(a; — 3) 

—x + 4 

2(x — l)(x — 2)(x — 3) 

-1 + 4 1 -2 + 4 1 -3 + 4 1 

2(1 — 2)(1 — 3) ‘ x-1 + 2(2 — 1)(2 — 3) ' x-2 + 2(3 - 1)(3 - 2) ' x-3 

3 1 111 

4 x — 1 x-2 + 4 x — 3 ’ 


hence A = -, 


and then by insertion and a usual integration, 


/ 




-oo (x- l)2(x - 2)(x - 3) 


= lim 

R —>—oo 


11 ,31 111 

2 (x — l ) 2 + 4 x—-T ~ lx—2 + 4 x-^3 
1 o 


dx 


■ + 7 In |x — 11 — In |x —2| + \ In |x-3| 
2 x-1 4 1 1 4 1 




i + 0 — In 2 + y In3- lim { 


x —>■—OO 


11 1 , 

2^I + 4 ln 


(x —l) 3 (x —3) 


(x— 2) 4 


= y — In 2 + y In 3, 


in accordance with the previous result. 
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Example 7.9 Compute 


/»+00 


vp. 


dx. 


x (x 2 + 7r) 

Then prove that the improper integral 
f + °° sin (i/nx) 

J-oo X ( x2 + 7r) 

exists and find its value. 


The integrand 


/(*) = , Y 

Z [Z z + 7f) 

has the three singularities (they are all simple poles), 

0 , iy/n, 

and it is analytic in any other point of C. If Im(z) > 0, then 


< 1 , and since 


\z 3 m i = 


< C for \z\ > R and Im(z) > 0, 


where R > is fixed, we conclude that 


(15) \f(z)\ < 


C 


for \z\ > R and Im(z) > 0, 


(note that we cannot here allow Im(z) < 0 ). 


Remark 7.1 By a more careful analysis, which shall not be given here, one can show that one can 
choose 


C = 


R 2 

R 2 — 7T ’ 


because 


2 2 


Z 2 + 7T — 7T 


1 ^ 


^ 1 

Z 2 + 7T 


Z 2 + 7T 


Z 2 + 7T 


Z 2 + 7T 


is maximum for z = ±i R. 0 


The pole 0 on the real axis is simple , and we have a = 3 > 1 in (15). This implies that Cauchy’s 
principal value exists and that it can be computed by a residuum formula, 




+oo gixy/n 


x (x 2 + 7r) 


dx = 2ir i res 


z (z 2 + 7T) 


; jv/tt + 7 rires 


= 27 t i lim 


z — y%\/7 r z (z T i 


+ 7 t i lim 


z—>0 Z z + 7T 
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Now 

sin(y / 7rx) 1 

um . „ , —r = 
x^o x (x z + 7r) yji r 


, . , , . . sin (- 1 / 7 r • x) . 

so we conclude that the integrand ——— is continuous, so 


r*+oo 


sin (yfi r x) 


dx < 


x (x 2 + 7r) 
r sin(y / 7ra;) 


J -00 X ( x2 + 7 T) 
because we have for |cc| > 1, 


x (x 2 + 7 r) 


dx 


1 


' x >l X ~ " 


dx, 


sin (^7rx) 
x 


< 1, 


X £ 


It follows from the continuity that the former integral exists, and the latter integral is of Arctan type, 
i.e. in particular convergent. Hence we conclude that the improper integral 


/ +00 

-00 


sin (y/nx) 


dx 


x (x 2 + 7r) 

is convergent and that its value is given by 

vp. = lim 

J -00 a;(^ + 7 r) 

We have 

(16) {l — e _7r } = vp. 

= vp. 


/»+oo 


£—>0-|- 


f+°° giXy/7 r 


sin (y/wx) 
x (x 2 + 7r) 


dx 


✓*+oo 


' —00 
/*+00 


x (x 2 + 7r) 
cos (x i/fr) 
x (x 2 + 7r) 


dx = vp. 
dx + i 


cos (x y/n) + i sin (x yfn) 


J —OO 
+OO 


sin (x y/n) 
x (x 2 + 7r) 


x (x 2 + 7r) 
dx = 0 + i 


dx 


p + OO 


sin (x y/n) 
X (x 2 + 7r) 


dx, 


because “vp” is superfluous on the sine integral according to the above. If one wants to be particular 
careful, then notice that we have by the definition, 


r+ °° cos (x y/n) 

vp. / ——-- dx = lim 

£—>0+ 


X (x 2 + 7r) 


r*+oo 


cos (x y/n) 
X (x 2 + 7T) 


dx = 0, 


because the integrand is an odd function in x, and because the improper integrals f_ ■ ■ ■ dx and 
■ ■ ■ dx clearly exist. 

Then we conclude from (16) that 

f + °° sin (x y/W) 


x (x 2 + 7 r) 


dx = 1 — e n . 
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8 Sum of special types of series 

Example 8.1 Find the sum of the series 

+OO 

E 


71 2 


and then derive the value of the important sum 

+oo 


E 

71=0 


1 


(2n + l) 5 


Putting f{z) = (z - 0 

for \z\ > 1. Since zg = - 
formula are satisfied. The 


-2 

Q 

, it is obvious that f{z) satisfies an estimate of the type \f(z)\ < 

\ z \ 

^ Z is the only pole, the conditions for the application of some residuum 
auxiliary function 


g(z) 


cot (7 tz) 





1 

2 ’ 


This e-book 
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has at most a double pole at zq = —, so we may apply Rule I with q = 2. This gives 


res 


t \ 

COt(7T2:) 1 

2 ’ 2 


1 

*~2 


/ 


( 2 VTji i”. i {( 2 - \) »<*>} = !L m . (- t 1 +co ‘ 2 M 1 ') = 


Finally, by insertion into the residuum formula for the sum of a series of this type, 

( \ 

1 C0t(7T2:) 1 

2 ; 2 


+oo 

E 


n -l 


= —7r • res 




= n 2 . 




It follows by a small rearrangement that 

+oo 


= E 


i 


n——oo 


n 2 


+00 

v 

1 +00 

1 1 V 

1 + °° A 

1 0 v 4 

n—1 1 

fn-E n= °l 

/ Al “Z^( 2n+ 1)2 

(n+E "- 0 


and then finally 

+oo 1 

E| (2n +1) 2 

n —0 v x 


Remark 8.1 Since any number m£Z can be written as 

to = 2 r (2 n + 1), for uniquely determined r £ No and n £ No, 


and since the series ~2 absolutely convergent, it is easy to derive that the sum is given by 


1 


+oo 1 +oo . . +oo . 

E l V 1 1 V ’V 1 

^2 ~ + 02 2_^ (Or, i 


1 ^ 1 


n —1 


- 0 (2„+ip 2 y^(2n + l)> (2^^(2» + l) 


E 


+ ' 


1 1 1 1 ^ 1 
- U + T + - + - + --- EtoET 


1 7T 2 7T 2 


4 1 42 ' 43 1 j ( 2n + 1)2 1 8 6 ’ 

4 

which is a very important result in the applications. 0 
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Example 8.2 Find for every given constant a > 0 the sum of the infinite series 


+OO 

E 


n —0 


l 


n 2 + a 2 


We can obviously for e.g. \z\ > 1 find a constant c > 0, such that we have the estimate 


\m\ 



which proves one of the assumptions. Since f(z) has only the two simple poles z = ±ia Z, the 
other assumption for the application of the residuum formula is also fulfilled. Since cot(±z7ra) ^ 0, it 
suffices to compute the residues 


res 


1 


; ia = -— and res 

2 xa 


k z 2 + a 2 

Then we get by the residuum formula, 

+oo . 

£ ^ 


— 2 ; 
z 2 + a 2 


n =—oo 


n 2 + a 2 


— 7r ^ —— cot(i7ra) — —— cot(— ina) 
2 ia 2 ia 


7r cos(*7ra) 7r cosh(7ra) 

ia sin(*7ra) ia i ■ sinh(7ra) 


Thus 


1 

2 ia 


7T 

— • coth(7ra). 
a 


+oo 

E 


n =0 




l 

2a^ 


7T . . 

— coth(7ra). 
2a 


If a = 1, then we get in particular 


+oo 

E 


n —0 


l 


1 7T 

-1-C0th7T. 

2 2 


Example 8.3 Let a > 0 denote 


a constant. Find the sum of the alternating series 


+oo 

E 


n —0 


(- 1 )" 
n 2 + a 2 


The underlying function f(z) = —-- is the same as in Example 8.2, so we have already checked 

z 2 + a 2 

the assumptions of the relevant residuum formula in Example 8.2. The only difference is that the 
auxiliary factor cot(7rz) has been replaced by 1/sin(7r;r), so it follows immediately by insertion into 
the residuum formula that 


y (- 1 )" _ J 1 . 1 

^ n 2 + a 2 \ 2 ai sin(*7ra) 


_L. V } 

2 ai sin(— ina) J 


TT 1 7T 1 

ia sin(*7ra) a sinh(7ra) 
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Since 

(-1)-" (-1)" 

(—n) 2 + a 2 n 2 + a 2 ’ 

it easily follows that 

^ (-1)" 1 1 y? (-1)" 1 j n_ _ 1_ 

2^ n 2 + a 2 2 a 2 + 2 2^ n 2 + a 2 2a 2 2a sinh(7ra) 

n —0 n =—oo 

If in particular a = 1, then 

y? (-1)" _ 1 * 

n 2 + 1 2 2 sinh 7r 

n=0 

Remark 8.2 Even if one may use the theory to find the sum of many convergent series, where the 
term has the structure of a rational function in n , one should not be misled to believe that this is true 
for every series of this type. The simplest example is 

+oo - 

E ^3 202 ), 

n=1 

the exact value of which is still unknown. 0 


Example 8.4 Let a £ R+ \ N. Find the sum of the series 


-(-oo 

E: 

n=0 


The degree of the denominator is precisely 2 larger than the degree of the numerator, so the series 

+oo 

1 


+oo 1 

E 37 


n* — a* 


is convergent when 2a (f N, and the value is given by 


+oo ^ +oo ^ ^ k 

3^2 = 2 E ^77^2 + ^2 = -^ E cot M res (/ ; °j) 

i =1 


E 


n =—oo 


n=0 


l. 


= —7r |cot(a7r) res ^-(z+a)(2 —a); aj + cot(—a7r) res 

= —7r j cos(a7r) H-— cos(—a7r) 1 =-cot(a7r), 

I Zd I d 

hence by a rearrangement, 

+OQ -. -. 


1 


(z+a)(z —a) 


n=0 
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The expression (the series) 


+oo 


' 71^ — i 


n —0 


is continuous in a £ R+\N, so this formula also holds for a = p+ p £ No- Since cot ( ( P + - ) tt ) = 


0 , p £ No, we obtain in this case 

-f-oo 


E 


i 


71=0 n 2 - I p + - 


Alternatively, 
^cot(a^) 


2(^+2 


2(p+2 


(2p+ly¬ 


res 


; ±a ) = 0 for a = p + -, p £ N 0 , 


P G N 0 . 


because the singularity is then removable. 
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Example 8.5 Find the sum of the series 


+OO 

E 


n —0 


1 

n 2 + 4n + 5 


First we note that 

n 2 + An + 5 = (n + 2) 2 + 1. 
We use that 


+oo 

E 


n—0 


l 

n 2 + 1 


-i-COth 7T 

2 2 


is the sum of a known series, so by a small rearrangement, 

-f-oo +oo 1 +oo 


E 

n —0 


l 


n 2 + An + 5 


= E 


i 


= E 


i 


(n + 2) 2 + 1 ^—' n* 

n=0 v ’ n=2 


1 1 V 1 

1 2 + ^ n 2 - 


n—0 


n 2 + 1 


— 1 + — COth7T. 


Example 8.6 Eind the sum of the series 

+oo 


E 


n ——oo 


l 


(n 2 + 1) (2n + 1)' 


The polynomial of the denominator is of degree 3, and it does not have any zero in i Z. We therefore 
conclude that the series is convergent, and its sum can be found by a residuum formula. The poles 
are 

1 

i, —i, —. 

’ ’ 2 


thus 


+oo 

E 


n ——oo 


(n 2 + 1) (2 n + 1) 
= —7T < cot(i 7r) • res 


+ cot(— i n) ■ res 
+res 


(z 2 + 1) (2z + 1) 
1 


(z 2 + 1) (2z + 1) 

C0t(7Tz) V 

~ 2 . 


(z 2 + 1) (2z + l) 
cos(i7r) 1 cos(—*7r) 1 

sin(i7r) (i+i)(2i+l) sin(— in) (—* — *)(— 2i+l) 
f cosh 7T 1 1 cosh 7T 1 1 

\sh 1 h 7 r i 2i(l + 2i) sinh7r (—*) (—2*)(1 — 2i) 


n ( 1 1 

= — coth 7T ■ < -— H-— 

2 ll + 2i 1-2 j 


7r 1 + 2* + 1 — 2i 7 r 

= — C0th7T •---= — C0th7T. 

2 00 
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Remark 8.3 The function 


cot(7T2) 


——-—-- has a simple pole at z = — .so the auxiliary function 

(z 2 +1) (2z +1) 2’ 

- has a removable singularity for z = — —. This is in agreement with that the residuum 

1 


(z 2 + 1) (2z 
of the auxiliary function is 0 at z = — — . 0 


Example 8.7 Find the sum of the series 


+oo 

E 


n——oo 


2n + 1 

(n 2 + 1) (3n + 1) 


The corresponding analytic function is 


/M-i 


2z + l 


(z 2 +l)(z+- 


which has a zero of second order at oo, and the simple poles 
1 


a i = 


<22 —*) Cl3 — — 


where 2a,j Z. It follows that the series is convergent with the sum 

+OO 


E 


n ——00 


2 n + 1 


(n 2 + 1) (3n + 1) 


cos (- ) res + cot(i7r)res(/; i) + cot(-wr)res(/; -f)| . 


Here, 


1 \ 1 

[22+1] 

y ’ 37 3 

z 2 + 1 


1 ~3 +1 
.1 3' 1 

3 9 +1 


1 

10 ’ 


res (/; i) = 


2z + l 


2i + l -1-7 i 


X z + i)(3z + l)\ z=i 2i(3i + l) 


20 


res(/; -i) = 
Finally, 


2z + l 


—2i +1 


\_{z-i){Zz + 1)J 2= _, -2f(-3i+l) 


-1 + 7* 
20 ' 


, . C0s(*7r) COSh 7T 

cot(*7r) = = —1 — = —1 coth 7r, 

sm(*7r) smh 7r 


and 


cot(— *7r) = i C0th7T, 
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so the sum is 


+OO 

E 

n =—oo 


2n + 1 


(n 2 + 


1) (2 n 

1 


(11 

—v = -7r <- -=■ — — I coth 7T • 

1) 1 V3 10 


-1 - 7 i 
20 


i coth 7 t ' 


-1 + 7* 

20 


10^3 


, . 7* \ l 7r\/3 7tt 

-^10 r 1 ST + To 


Example 8.8 Prove that 

-f-oo 


E 

n—0 


(-i) r 


_ 1 (-l) r 

— 9 2W 


(2n +1) 3 2^(2n + l) 3 32' 


When we split the sum and change the variable n = —m — 1, i.e. m = — n — 1, then 


4-oo 

E 


(-ir 


4-oo 


(2n+ l) 3 


(-1)" v (-1) 

^ (2r* + l) 3 ^ 


4-oo 


_ (-!)" +2; (-1)— 1 

(r>ri -u n3 + Z_^ 


n—0 
4-oo 


TL— — 00 

4-oo 


(2n + l) 3 ' (2n + l) 3 ^(-2m-2 + l) 3 

V 7 n=0 7 m=0 7 


(_1)„ ( '_ 1 )m-4 

_ 4- 1f3 + Z-^ 


4-oo 


(2 n + l) 3 1 ^ (2m + l) 3 “ ^ (2 n + l) 3 ’ 

71 = 0 V ’ 771=0 V 7 71=0 V 7 


= 2 E 


(-ir 


and the first equality follows. 

We have a triple pole at z = — —, and the series is clearly convergent, so we obtain by a residuum 
formula, 


V? (-1) ! 

y —— = —7rres 


n ——oo 


(2n+ l) 3 


(2 z + l) 3 sin(7rz) 


A small rearrangement gives 


1 _ 1 
(2z + l) 3 sin7rz 8 


" + 2 


Sin 7TZ 


so 


4-oo 

E 


71= —OO 


(-ir 


(2n+ l) 3 


7T 1 d 2 

=-- — lim 


7T d ( cos 7rz 

= — lim 7r —— 


8 2! z-*-h dz 2 \sin7T2:/ 16 z ->-l dz \sin“7T2 

2 r oin tt 'v ^ 0 2_4 _2 


7T^ f sin7T2: COS 2 7TZ 

= — lim < — 7T —? -2tt •-~- 

16 2 —I sin 7 tz sin 7rz 


7r 

16 


pi)- 2 ' 0 }—- 


Summing up, 


4-oo 

E 

71=0 


(-l) r 


_ 1 ^ (~l) r 

— 9 


(2n +1) 3 2 ^ (2n + l) 3 32' 
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Example 8.9 Find 


+OO 

E 


n =0 


(2n + l) 4 ' 


We see that z = — 
2 


is a four-tuple pole of 


(2z + l) 4 


1 1 
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so the sum is computed by a residuum formula, 


+OO 

E 


n =0 


(-i) n 

(2n + l) 4 


1 (-1)" Jr 

2 E (2n + l) 4 “ ~2 r6S 

n =—oo 


COt(7Tz) 


16-1,+ i 


1 

4 ’ ~2 


7r 

-res 

32 


COt(7Tz) 


1 

Z+ 2 


n 1 d 3 

= - 32 ' 3! 2™. d? cot( ’" ) 


7T dr 

-Iim —„ 

6-32 dz 2 


sin 2 (7rz) 


7T 


3 f 7T sin(7rz) cos 2 (7tz) 

lim <- 5 -— -37t 


7r 

96 


6-32 z^- t 

4 


lim < — 27T 


dz 


sin 3 (7rz) 


sin 4 (7rz) 


7T 

96' 


/ C0S(7TZ) \ 'I 
\sin 3 (7rz )) J 


Remark 8.4 It follows that 



n=1 


r 1 1 1 i 

j 1 + ¥ + ¥ + ¥ + W + ' 

1 7T 4 16 7T 4 7T 4 

. _ 1_ ' 96 = 15 ‘ 96 = 90' 
2 4 


1 + °° ( 1 \n +°° / i \ 3 +°° ( i \n 

= E Or 

J n—0 v ’ j= 0 V 7 n—0 v ’ 


0 
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Example 8.10 Find the sum S of the series 

+oo 1 

E 


n —0 


U+ 2 


It is well-known that 

v 1 - 

^ (2n + l) 2 " 8 


n=0 

hence 


+oo 

V 

+oo 

1 i V 

n —0 j 

/ 2 2-^ 

n+M "=° 


(2n + l) 2 4 ' 8 2 


Example 8.11 Prove that the series 

+oo 

E 


i 


„=-oc (n~l 


is convergent. 

Then find the sum of the series. 
Finally, find 

+oo 1 


E 


^ (4 n — l)(4n — 3) ’ 

7,= 1 x 7 x 7 

where we only sum over the positive integers. 

Here, ^'n — is a polynomial of second degree, which is not 0 for any n £ Z. Hence, the 

series is convergent and the sum is given by a residuum formula, 

( \ 


+oo 

E 


°° 1 n 4 j \ 4 


= —7r < res 


cot(7rz) 


1 




res 


cot(7 tz) 


( 1 


f 7T 37T 

lim COt(?rz) 1 lim C ° t(7rz) 


cot — cot- 

4 1 4 

L Hill Q 1 Hill 

O ~_>3 1 

> - 

I 1 

l 4 ~ 4 J 


l 2 2 J 


-k )H 


> = —7r(—2 — 2) = 47 t. 


' ' 

A 


Then we note that 
o 

E 


i 


+oo 


(4n- l)(4n-3) 


= E 


+oo 

= E 


(—4n - 1) (-4 n - 3) ^ (4n + 3) (An + 1) 

n =0 n=0 


+oo 


= E 


(4{n + 1} - l)(4{n + 1} - 3) ^ (4 n - l)(4n - 3) ’ 


+oo 

= E 
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hence 

-f-oo 


E 


(An — l)(4n — 3) 


1 +oo 

E 


1 


(An — l)(4n — 3) 


1 

2-4-4 


4-oo 

E 


n=-oo - 


n —- n —- 


47t 7r 
32 “ 8' 


Alternatively, use Leibniz’s series , 


4-oo 


* = Arctan 1 = V EE. 

^ 2n + 1 


n—0 


where we have added parentheses in a convergent series, which is always possible without destroying 
the convergence or the limit value. Then 


7T (-1)" 

4 ~ E 2n+1 


n—0 
4-oo 


i i 

1 ~~ 3 


= E o-i-r = E 


1 1 
5 ~ 7 

4-oo 


i i 
9 ^ H 


(An - 1) - (An - 3) 


4-oo 


E-' \4n — 3 An — l) E_/ (An — 1) • (An — 3) -E-j (An — l)(4n — 3) ’ 


Et = 2 E 


An — 3 An — 1 
1 


hence 

4-oo 


E 


E^ (An — l)(4n — 3) 8’ 

7,= 1 x 7 x 7 

Finally 

1 


4-oo 

E 


4-oo 


-OO ( 77,- 


U A 


= 16 £ 


i 


4-oo 


(An — l)(4n — 3) 


= 16-2E 


(An — l)(4n — 3) 


= 16-2-- =4tt. 


141 

Download free eBooks at bookboon.com 






















Complex Funktions Examples c-7 


Sum of special types of series 


Example 8.12 Find the sum of the series 

+OO 


E 


i ■ 

n =—oo n z — — 

9 


Also, find the sum of the series 

-f-oo 


E 


i 


(3n) 2 — 1' 


Let 


/(*) = 


P(z) 

Q(z) 


where 


P{z) = 1 and Q(z) = z 2 — 


9 


The denominator has a degree which is 2 bigger than the degree of the numerator, and the zeros of 
the denominator are z = ±- ^ Z. We conclude that the series is convergent, and that is sum can be 
found by a residuum formula, 

1 


4-oo 

E i 

n =—oo Tu — — 

9 


= —7r < res 


( \ 


/ \ 


cot(7T2:) 1 

2 1 ’ 3 

V 0 “9 ) 

+ res 

COtyTTZ) 1 


2 1 ’ 3 

E"9 ) 



cot — cot ^ 


7T 

3 


3tT „ 7T r- 

= — — • 2 cot — = — 7 tv3. 

Z O 


Then by a small rearrangement, 

4-oo 


Tow -4 -p -pcjso 

-ttV3= ^2 T = _ T + 2 E i=~ 9 + 18 E 


so 


-f-oo 


n =—oo Ti — — 

9 


4-oo 


4-oo 

n= 1 n 2 - 

9 


4-00 


n =1 


9n 2 — 1 ’ 


E (3 n )2 _ i E 

n—1 v 7 


1 ^ 9u 2 - 1 

n=l 


1 7TV 7 3 

2 ~~ ~T8~~ 


0,1977. 
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Example 8.13 Given the function 
2 z 2 + (2 i — 1 )z — i 

I ( Z ) - rj" . 

(16 z 4 — 1) (z 2 + l) 2 

(a) Determine the singular points in C U {oo} of f(z) and their types. Then find the residuum of 
f(z) at z = oo. 

(b) Compute the complex line integral 


(f f(z) dz. 
J\z\=3 


'1*1=3 

(c) Find the sum of the series 

+oo 1 

E 

n =1 


16n 4 - 1' 



Figure 21: The four simple zeros and the two double zeros of the denominator of f(z). 


(a) The denominator 

(16z 4 - 1) (z 2 + l) 2 = (4 z 2 + 1) (4z 2 - 1) (z 2 + l) 2 

is zero for z = =bi (double zeros), and for z = ±— and z = ±— i (simple zeros). The numerator 
can be written 

2 z 2 + (2 i — 1 )z — i = 2 (z 2 + iz) — (z + i) = (2 z — T)(z + i), 
i.e. the numerator has the simple zeros z = - and 2 = —i. We therefore see that f{z) can be 


reduced in the following way, 

2 z 2 + (2 i — 1 )z — i 


m = 


(2 z — T)(z + i) 


(16z 4 - 1) (z 2 + l) 2 (4z 2 + 1) (2z - l)(2z + 1 )(z + i) 2 (z - if 


1 


(2 z + i)(2z — i)(2z + 1)(^ + i)(z — i) 2 
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It follows that z = i is a double pole, that 
i i 1 

^ ~ ~ 1 ' _ 2 ’ 2 ’ ~2 


are simple poles, and that z 
oo. In particular, 

res(/; oo) = 0. 


1 

2 


is a removable singularity. Finally, we have a zero of order 6 in 


(b) All finite singularities lie inside |^| = 3, so 



f{z) dz 


M=3 


f(z) dz 


— 27nres(/; oo) = 0, 


where j>* denotes a closed line integral with the opposite direction of the orientation of the plane, 
i.e. f = -f 


SIMPLY CLEVER 


SKODA 



We will turn your CV into 
an opportunity of a lifetime 
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(c) We have 16z 4 — 1 = 0 for 
11 i i 

Z= r _ 2’ 2’ 2' 

where none of the roots belongs to Z. Furthermore, we have a zero of order 4 at oo, so the series 
is convergent, and we can use a residuum formula, 


+oo . . +oo 

Eij-rvr = j Z 


n=1 


i+^i l 


2 ^ 16n 4 - 1 2 16 • 0 4 - 1 2 32 

n =—oo 


l _ l l ^ 
• 0 4 - 1 ~ 2 + 32 ^ 


1 13 

1 7r v—> 

-> res 

2 32 ^ 


n—0 


cot(7T2;) . 1 


z~- - 


4 ’ 2 1 


Then consider the function 


cot(7rz) 


Z 2 


for z n = - i n . 


It follows that — and — — are removable singularities, and since also 


/ 


res 


cot(7rz) 


z — \ - 


4 5 


cot ( 7 TZ n ) Z n COt ( 7 TZ n ) Z n COt (nZ n ) 

\ -- = 4 Z n COt (7 TZn) , 


4zS 


4 z 4 


4. _ 

16 


we find for z n = ±— that 


res 


cot(7rz) i 

4 ; ± 2 


- v 


= 4 • - • cot f 7r — ) =2 i 


cosh — 

2 „ , 7T 

-r = 2 coth-, 

sinh — z 




hence by insertion, 

+OO 


E 


1 


1 7T 


TT 'I 1 7T , 7T 


= - — — < 2 coth — + 2 coth — > = - — — coth — « 0,0718. 


16n 4 - 1 2 32 


2 8 
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Example 8.14 Given the function 

Hz) 


g(z) = 


\ 2 ’ 


(z 2 +ir 

where f(z) is analytic in a neighbourhood, of the points z = ±i. Furthermore, it is also given that 
/(-*) = -/(*) ^ 0, and f'(-i) = f(i). 

1) Show that g(z) has poles at the points z = ±i, and indicate in both cases the order of the pole. 

2) Prove that 

res(g(z)\i) = res{g(z)\ -i). 

3) Show that the series 

+oo 


E 


i 


S (^ 2 + 1 ) 

is convergent and find its sum. 


1) The denominator (z 2 + l) 2 = (z—i) 2 (z+i) 2 has the double roots ±i, and since /(— i) = —f(i) yf 0, 
and f(z) is analytic in a neighbourhood of the points z = =ti, we conclude that 

«,(,) = P3F 

(z 2 + lf 

has double poles at z = ±i 

2) Then we find that 


..... 1 d ( f(z) 

res (g(z)-i) = — lim — 


= lim 


and 


f(z) f(z) \ = 1 , _ i_ ... 

1 \ z^idz \{z + i) 2 ) 7~i\{z + i) 2 (.z + if J 4 /U 4 JU ’ 


f(z) _ 2 f{z) 


lim — I 

< Hz) \ 

= lim < 

K(z-i) 2 ) 

E—►—i dz ' 

2 —*—i [ 

f'(-i) ~ 

4 /H) = 



l (z - i) 2 {z - i) 3 
- f{i) = res (g(z);i 


3) The poles of — - 2 are z = ±i (double poles), and none of them lies in Z. Since we have a 

zero of order 4 > 1 at oo, it follows that the series is convergent, and we can find the sum by a 
residuum formula, 


1 


+oo 

,£o(i+« a r 


= —7r < res 


cot(7 tz) 

.(Ei) 


2 i 


; i + res 


cot(7rz) 


2 ’ 
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If we put f(z) = cot(7rz), then 
1 


/'(*) = - 


sin 2 (7rz) ’ 


and 


/(*) = cot(7rf) = —i coth 7r ^ 0, 
f(—i) = cot(—7T«) = i coth7r = —/(*), 

m = — ~ 


_ =_?_= 71 = f(-i) 

sin 2 (7ri) (isinh7r) 2 sinh 2 7r 

which is precisely the case of (1) and (2). Hence we get 


+oo 1 

y — 

.“o (i+« n r 


= — 7 r • 2 res 


i =-2tt- ---{/'(i)+*/(*)} 


2 1 sinh 2 7r 


C0t(7T^) 

w+W 


+ i ■ (—i coth 7r) > = — 


2 + 2 
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Then finally, 

+OO 


E 


i 


+oo 




- 5 £ 


^ n—0 

r 2 1 


o 

, 2 ■ E 

n ——oo 


2 l^o(l +^r + n 2 Y 


+oo 

E 


±^oo(l + n 2 Y 


+ 1 


7T 1 

. . , o H-7 COth 7T + - . 

4 smfr 7 r 4 2 


Example 8.15 Prove that 

+oo 1 


/«>= £ 


(-nn +t) 2 


is convergent for every fixed t £ C \ {p7r | p £ Z}. 

T/ien find f(t) for every t £ C \ {pn \ p £ Z}, expressed by elementary functions. 


We define for every fixed t £ C \ {pn \ p £ Z}, i.e. for —- ^ Z, a function F(£; f) by 

7T 


/(-; *) = 


l 


(7T Z + ty 


Then F(z ; f) is analytic for z £ C \ •{- y 

Since for z yf 0, 


t 


z 2 F(z\ t) = 


(7rz + t ) 2 7r 2 


1 H- 

7TZ > 


—^ for 2 —> 00 , 

7T 2 


we conclude that there exists a constant R t for every c > —=■, such that \z 2 F(z;t)\ < c for \z\ > R t , 


i.e. 


\F(z;t)\<— for \z\ > Rt- 


If-^ Z, then it follows directly that the series 


+ OO 


m = £ 


( 7 rn + 1) 2 
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is convergent , and we can find its sum by a residuum formula, 

+°° / t \ 
/(f) = ^ F(n; f) = — 7rres f cot(7rz)F(^; t) ;- j 


= —7rres 


cot(7rz) t 


(iTZ + t) 2 7T 


-= —7T • — lim — 


1! 


-£ dz 
7r 


7T d , . 1 , 

-^ lim — cot(7rz) =-lim f —- 

7T Z z^-T ttZ 7r z->-fr [ sm (7T^) 


1 


1 


sin 2 (—t) sin 2 t 


t\ COt(7Tz) 


7r / ( 7 tz + t ) 2 


where we have applied Rule I with q = 2. Note that we shall use the factor ( z H — , and not 

V n ) 

(irz + t) , in the denominator. It is of course also possible directly to prove the convergence. 


t 


Example 8.16 (a) Prove that 

+00 

/(t)= E t 2 - 7 r 2 n 2 

n=—oo 

is convergent for every fixed t £ C \ {p7r | p £ Z}. 

(b) Express f(t) for every t £ C \ {p7r | p £ Z}, elementary functions. 

(c) Finally, find 

+00 ^ 

SM = E 72 - 2 2 ’ t € C\ {p7T | p € Z}, 

n=l 

expressed by elementary functions. 


(a) Since t 2 — irnf ^ 0 for every n E Z, when f G C \ {p7r | p E Z}, it follows that 
defined for n G Z. Furthermore, 


£ 


£ 2 — 7r 2 n 2 


is 


£ 


i*l 


t 2 — 7r 2 n 2 

so we conclude that 

+OO 


< -o for |n| > iV t , 


E 7^ 


£ 


n =—oo 


£ 2 — 7T 2 n 2 


+oo 


< E 


n——oo 


t 


t 2 — 7r 2 n 2 


A/ - 


< E 


1=-IV 


t 


t 2 — ir 2 n 2 


+oo 


2 £ S<+» 


n=iV+l 


and we see that we could give a direct proof of the convergence. 


Alternatively we check the assumptions of the residuum formula, because they at the same 
time assures the convergence, and we also obtain the sum. 
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Consider for every fixed f £ C \ {pn \ p € Z} the function 

t_,_ . t t 1 

F(z;t) = 


t 2 — 7r 2 Z 2 7T 2 


— I — 
7 r 


2 • 


t t 


This is analytic for z E C \ < — ;->. Since we have assumed that =b— ^ Z, and that F(z) is a 


rational function with a zero of second order at oo, there exist constants c > 
such that 

\F(z;t)\<j^ for \z\ > R, 


t 

and T > 

£ 

7r 2 


7T 


and the conditions for the convergence and the residuum formula are fulfilled. Hence 

+oo +oo ^ 


£ F ^=T, t 2_ W 2 ri 2 =m 


n ——oo 


is convergent. 

(b) Now, ±— are at most simple poles, so we bet by the residuum formula and Rule II, 


+oo 


= £ ,2-^2 =^ ^ -Z2 


t cot(7rz) t 
2 



res 


M 


t C0t(7T2:) t 


= —7r • [-- I • < lim 


t 
7r 


and we have proved that 

+oo 


t f 7T 7r 'I 

= — • < — • cot t H-• cot t > = cot t, 

7T l 2t 2 1 j 


cott = £ IFF 


t 


n=—o o 


t 2 — 7T 2 n 2 ' 


t £ C \ {pn | p £ Z}. 


(c) Since F(—z) = F(z ), it follows from (b) for t £ C \ {p7r | p £ Z} that 

+oo 


_ t _ 1 v^ t 1 V t 

9 t 2 — 7T 2 7T 2 2 t 2 — 7T 2 n 2 2 t 2 — 7T 2 n 2 

n—1 n=l n=—oo 


1 ^ t 

9 72 _ . 


1 


t 


2 ' t 2 — 7r 2 n 2 2 t 2 — 7t 2 0 2 2 

n =—oo 


= £ cot t -/• . 
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Example 8.17 Find the sum of the series 


+OO 

E 


n=—oo 


1 

n 4 + 4 


The corresponding analytic function 


/(*) = 


1 

z 4 + 4 


has the simple poles {1 + i, — 1 + i, — 1 — i, 1 — *}, none of which lies in Z. Furthermore, f(z) is a 
rational function with a zero of fourth order at oo, hence the series is convergent, and its sum is given 
by a residuum formula, 


+oo 

E 


TI— — OO 


1 

z 4 + 4 


= —7T 



COt(7Tz) 

z 4 + 4 



Since Zq = —4 for every pole zq, it follows by Rule II that 


res 


cot(7rz) 


; Zg I = cot (nzo) res 


; zo ) = cot ( ttz 0 ) ■ 


4z$ 


1 

16 


Zg cot (7TZo) • 


^4 • COt {tTZq) 
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Then by insertion, 

+OO 


E 


i 


z 4 + 4 


E ( COt(7T^) \ 7T ^—-\ 

res ^ z 4 + 4 ; Zo J = E z ° cot M 


= — {(1 + i) cot(7r + Z7r) + (1 — i) cot (77 — in) + (—1 + *) cot(—7r + i7r) + (—1 — i ) cot(—7r - 

16 

= — {2(1 + i) cot {n + in) + 2(1 — i) cot(7r — in)} = — {(1 + i) cottin) + (1 — i) cot(—i7r)} 

16 8 

n cosh n n 
= — • 2 i ■ ——— = — • coth 7T, 


i sinh 7r 4 


thus 


+OO 

E 


1 7r 

= — • COth 7T. 


n 4 _|_ 4 4 


Remark 8.5 In a VARIANT we have the following estimates for e.g. \z\ > 2, 


\f(z)\ = ^-^< 


11 114 1 

< 


4 + 4| J N 4 -4 |z| 4 _J_ - |z| 4 ± 3 |z| 4 ’ 

I 2 I 4 16 


so in particular, C = - and a = 4 > 2 for |^| > 2. 0 


Example 8.18 Compute the sum of the series 

Too 


E 


(„ + | 


If we put 

m = 


T)H V 


then f{z) is analytic inC\{—where — —, — - ^ Z. Furthermore, 


2 f(z) I —> 1 for z 
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so we have checked the conditions for the convergence of the series and the sum can be found by a 
residuum formula. Hence, 


+OO 

E 


ra+- n+- 


= 


res 


cot(7rz) 


z+- z+ — 


+res 


cot (7 tz) 


z+- z+- 


“‘(-5) 


, 2tt 
cot —— 


1 2 
'3 + 3 


2 1 
'3 + 3 


= —7T ' 


7T 7T 

cot — cot — 
3 , 3 


= 7T • 3 • 2 • cot — 
3 


= 7T • 3 • 2 • —= = 2>/3 7T, 

1 2 

where we have used that — — and — — are simple poles of f(z). Thus we have proved that 


+00 

E 


—00 



= 2V3n. 
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Example 8.19 1) Determine the singular points in C of f, defined by 



and find the residuum of f at every singular point. 

Hint: When res(/(z); 0) shall be found one may without proof apply the following Taylor series 
expansion 


e z - 1 



b=o 


where the left hand side of the equality is replaced by 1 for z = 0. 

2) Let K n denote in the ( x,y)-plane the boundary of the square 

[—r n , r„] x [— r n , r n \ , where r n = tt + 2nir , and n £ N. 

Prove for every (fixed) p £ N that 

<j> f(z) dz 0 for n —> +oo on N, 

where f is the function given by (17). 

3) Apply Cauchy’s residuum theorem on the square with the boundary K n and then apply the results 
o/(l) and (2) above, and the limit n —> +oo to prove that 



for every p G N. 


Prove also that B 2 , B 4 , ..., B 2 P , ■ ■ ■ have alternating signs. 

1) The singular points are z = 2inir, n £ Z. Of these, z = 0 is a (2 n + l)-tuple pole, while all the 
others are simple poles. 

2) Putting r n = tt + 2mr we get the following estimates, 



for n 


+00. 
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3) Now, z = 2inn is a simple pole for n £ Z \ {0}, so we have the following computation of the 
residuum, 


res(/0);2m7r) = lim -^r 


z—> 2 imr Z 2p d, , 

ii (e “ 

—-— = (-i) p —-— ■ —■ 

( 2 imr) 2p ( 2 tt) 2 p n 2p 


= lim • — 

2 —>2l7T z 2p e z 


Since 


e z — 


z _ = V ^ r" 
1 ^ n\ ’ 

n= 0 


it follows by a division by z 2p+1 , 

+oo 


1 


E B n 

n\ 

1 ' n=0 


—n—2p—1 


We find the term —- by choosing n = 2 p, so 


res(/( 2 ); 0) = o_i = 


/i 


2 p 


(2p)\- 

Then by Cauchy’s residuum theorem, 


1 C O 1 1 

-— ® f{z)dz= Y res(/(z); 2 ikn) = + 2 • (—l) p ■ - 2 -. 

2 mJ K J (2p)\ v ; (2 tt) 2 p fc 2 ? 


fc=- 

hence by a rearrangement, 
1 (- 1 )* 


1 


yt = Hit.(2 ») 2 p. _L / /(2)d2 + ( _ ir .w^E, „ 6N . 

^ fc 2 P 2 v ’ 2? TiJ Kn 2(2p)! 

Since N, the left hand side converges, when n —> + 00 . Then by (2) it follows from taking this 
limit. 


+00 , 

E = (-ir 1 • 


(2») 2 rB 2p 


for every p£ff. 


2(2rt! 

The left hand side is always positive, so the factor (—l) p+1 on the right hand side causes that 
>0 for p odd, 

< 0 for p even, 

and the sequence B 2 , B 4 , ..., i? 2 P , • • ■ has alternating sign. 


B 


'2 p 
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Example 8.20 Given the function 

f(z) = ~2~: -■ 

z A sin z 

1) Find all the isolated singularities in C of the function f, and determin the type for each of them. 

2) Find in a neighbourhood of zq = 0 the principal part of the Laurent series of f, i.e. that part of 
the series which contains terms of the type 

bn n 

—, n > 0 . 
z n 

(Hint. Use the Taylor series of sin z with zo = 0 as expansion point). 

3) Find the residues in the isolated singularities of f. 

4) Denote by N a positive integer, and let Cn denote the curve run through in a positive sense, which 
is bounding the square 


z = x + iy 


x, y G 


- [ N + - )tt, + ^ ) tt 


Compute § Cn f(z) dz. 

5) When z = x + iy, then | sin z\ 2 = sin 2 x + sinh 2 y. It follows that 

|sinz| > | sin a;| and |sinz| > |sinhy|. 

Prove that 

J) f(z) dz 0 for N — > +oo. 

J Cn 

6 ) Prove that 


4-oo 

E 


(-i) r 


12 ' 


1) We have poles at z = pn, p G Z. When p = 0, we see that the pole z = 0 is a triple pole; any other 
pole is simple. 

2) Now, f(z) is an odd function with the triple pole at z = 0, so the principal part must have the 
structure 

1 _ a — 3 0,-1 

O • Q I ' ’ * ’ 5 

2 ^ sin z z* z 

hence 

sin 2 


1 = a _3 •-1- a_i • z sinz + terms of order > 3 


- a -3 • \ 1 - — H-j- +a_i {z 2 } 


= a- 3 + a_i — - a_ 3 ^ z 
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Then it follows by the identity theorem that 

1 


a_s = 1 


og 


a -1 = 


6 ’ 


so the principal part is 

1 1 1 
+ 6 ? 


3) We have in the triple pole zq = 0, 


res 


1 


sin z 


0 ) = a-1 = i 


When z p = pn, p £ Z \ {0}, the pole is simple, thus 


res 


1 


z* sin z 


; pn ) = lim — • 


(-1) P 1 


z^piT Z * COS z 
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Complex Funktions Examples c-7 


Sum of special types of series 







Figure 22: The curve C-n for N = 2 and the singularities inside. 


4) Using Cauchy’s residuum theorem, 



f(z) dz 


N 

Y res(/(z);j>7r) 

p——N 


12 * (- 1 ) 

6 7T 2 n 2 

n— 1 


5) Then we have the estimates 

< (2TV + 1) •--—=-> 0 for TV —> +oo, 

{ N+ l) 772 

where F' v is anyone of the vertical line segments of Cn- 
In instead is one of the horizontal segments, then 



dz 


z* sin z 


< (2TV + 1) 


N+-) t r 2 sinh ( N + * I n 


for N —> +oo. 

Summing up we get 

r i p +°° (_ i y 

lim <b f{z) dz = - + = °- 

C'N 


N —>-+oo 

Finally, by a rearrangement, 


6 7r 2 z ' n' 

n =1 


-t-oo 

E 

n=l 


(-i) r 


12 ' 
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